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Abstract 

We address the (pointed) homotopy theory of 2-crossed modules (of groups), which are known to 

■ faithfully represent Gray 3-groupoids [31], with a single object, and also connected homotopy 3-types 
^ ■ [15] • The homotopy relation between 2-crossed module maps will be defined in a similar way to Crans' 

\ 1-transfors between strict Gray functors [16], however being pointed, thus this corresponds to Baues' 

homotopy relation between quadratic module maps, treated in [J. Despite the fact that this homotopy 
lO ■ relation between 2-crossed module morphisms is not, in general, an equivalence relation, we prove that 

^ ! if ^ and A' are 2-crossed modules, with the underlying group F of A being free (in short A is free 

• up to order one), then homotopy between 2-crossed module maps A A' yields, in this case, an 

equivalence relation. Furthermore, if a chosen basis B is specified for F, then we can define a 2-groupoid 
fSJ ■ HOM_b(^, ^') of 2-crossed module maps A A' , homotopies connecting them, and 2- fold homotopies 

between homotopies, where the latter correspond to (pointed) Crans' 2-transfors between 1-transfors. 

We define a partial resolution Q^{A), for a 2-crossed module A, whose underlying group is free, with 
a chosen basis, together with a projection map proj : Q^(A) — >■ A, defining isomorphisms at the level of 

■ 2-crossed module homotopy groups. This resolution (proven to be part of a comonad in [5S]) leads to a 
?— ( , weaker notion of homotopies (lax homotopies) between 2-crossed module maps, which we fully develop 

and describe. In particular, given 2-crossed modules A and A' , there exists a 2-groupoid 5{0Mlax(.4, .4') 
of (strict) 2-crossed module maps A ^ A' , and their lax homotopies and lax 2- fold homotopies, leading 
to the question of whether the category of 2-crossed modules and strict maps can be enriched over the 
monoidal category Gray. 

The associated notion of a (strict) 2-crossed module map / : A ^ A' to he a, lax homotopy equivalence 
has the two-of-three property, and it is closed under retracts. This discussion leads to the issue of whether 
there exists a model category structure in the category of 2-crossed modules (and strict maps) where weak 
equivalences correspond to lax homotopy equivalences, and any free up to order one 2-crossed module is 
cofibrant. 

Keywords Crossed module, 2-crossed module, quadratic module, homotopy 3-type, tricategory. Gray cate- 
gory, Peiffer lifting, simplicial group. 

2000 Mathematics Subject Classification: 18D05 and 18D20 (primary), 55Q15 (secondary). 

1 Introduction and simplicial group background / context 

Let Q = (pm d'2,s2; i G {0, 1, . . . , n}, n = 0, 1, 2, . . . ) be a simplicial group; [331 [5^1 E] • As usual, see for 
example [3S1[21], we say that Q is free if each group Gn of n-simplices is a free group, with a chosen basis. 
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and these basis are stable under the degeneracy maps s" : Gn Gn+i- RccaU that the Moore complex 

[1T1|351[T5] N{0) of a simplicial group Q is given by the (normal) complex of groups (■ • • ^> An ^n-i ^ 
= Go), where: 

ri-l 

A„ = fl ker(dn, 

1=0 

and dn ■ An — > A„_i is the restriction of the boundary map dH : Gn Gn-i- We say that the Moore complex 
of Q has length n if the unique (possibly) non trivial components of N{Q) are An-i — > An-2 —>■■•—> Aq. 
(Here "length" correspond to the number of groups, rather than the number of arrows, which is the usual 
convention). Not surprisingly, this Moore complex has a lot of extra structure, defining what a hyper crossed 
complex is |12j . which retains enough information to recover the original simplicial group, up to isomorphism. 
This contains two well known results, stating that the categories of simplicial groups with Moore complexes 
of length two and three (respectively) are equivalent to the categories of crossed modules and of 2-crosscd 
modules of groups (respectively), see [JTJ [T3] , the latter being exactly hyper crossed complexes of length 
two and three (respectively); we will go back to this issue below. Hyper crossed complexes therefore generalise 
both crossed modules and 2-crossed modules. 

Looking at the last two stages of the Moore complex N{Q) of a simplicial group Q, namely d = 
9i : A^i(^) Nq{Q), one has an induced action of No{Q) on Ni{Q) by automorphisms, and also the ac- 
tion of Nq{Q) on itself by conjugation, and the boundary map d: Ni{Q) — > Nq{Q) preserves these actions; 
in other words one has a pre-crossed module ( [lOl [3j HI [38] ) , called the pre-crosscd module associated to the 
simplicial group Q. 

The homotopy groups of a simplicial group Q are, by definition, given by the homology groups of its 
Moore complex N{Q) (which is a normal complex of, not necessarily abclian, groups). These correspond to 
the homotopy groups of the simplicial group Q seen as a simplicial set (despite the fact that 7ro(S'), for S 
a simplicial set, is not in general a group but a set). Note that simplicial groups are Kan complexes, and 
therefore its homotopy groups are well defined [35l [17] . 

It is a fundamental result of Quillen [331 dS] that the category of simplicial groups is a model category, 
where weak equivalences are the simplicial group maps /: Q Q' , inducing isomorphisms at the level of 
homotopy groups, and fibrations arc the simplicial groups maps f : Q ^ Q' whose induced map on Moore 
complexes (/i, i = 0, 1, 2 . . . ) : N{Q) — > N{Q') is surjective for all i > 0, and in particular any object is fibrant. 
Notice that, for / = [fi) to be a fibration, we do not impose that the induced map /o : = Gq — !> Aq = Gq 
be surjective; however if / is a week equivalence and a fibration then obligatory /o is surjective. Cofibrations 
are defined as being the maps that have the left lifting property with respect to all acyclic fibrations. In 
particular any free simplicial group is cofibrant |431I24] . The pre-crossed module associated to a free simplicial 
group is of the form Fi Fq where Fq is a free group and Fi — > is a free pre-crossed module, [35] . Such 
a pre-crossed module is what is called in [38] a totally free pre-crossed module. 

Let SQ denote the category of simplicial groups and SQn denote the full subcategory of simplicial groups 
with Moore complex of length n. The former is a reflexive subcategory of SQ and we denote the reflexion 
functor (the n-type or n'^-Postnikov section) by P„ : SQ SQn, a left adjoint to the inclusion functor 
SQn SQ. At the level of Moore complexes {Am, dm) is sent, via P„, to (see ^^): 

An-l/d{An) An-2 ^ > Aq. 

This adjunction induces a closed model category structure on SQn where fibrations (weak equivalences) are 
the maps whose underlying simplicial group map is a fibration (weak equivalence), and cofibrations are the 
maps which have the left lifting property with respect to all acyclic fibrations; all of this is explained for 
example in [13) . Therefore the n-typc functor P„ preserves cofibrations, |14| . This will give model category 
structures in the categories of crossed modules and of 2-crossed modules (of groups); [131 [I3]- The case 
of crossed modules of groupoids in treated in |40[ 1371 [8], not appealing directly to simplicial group (old) 
techniques. 

A crossed module (d: E ^ G,>) is given by a group morphism d: E G, together with a left action 
> of G on iS by automorphisms, so that d preserves the actions, where G is given the adjoint action (thus 
{d: E — >■ G, >) is a pre-crossed module), such that, furthermore, for each e, f G E the Peiffer pairing 
(e, /) = (e/e^^) (9(e) >/^^) G E vanishes. The category of crossed modules is equivalent to the category of 
simplicial groups with Moore complex of length two, where morphisms of crossed modules (9: -E — >■ G, >) — > 
{d: E' G',>) are given by chain maps (V': E E',ct): G G'), preserving the actions. Crossed modules 
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form a model category [T31 [37] , where weak equivalences are the maps inducing isomorphisms on homotopy 
groups (the homology groups of the underlying complexes) and fibrations (i? — >■ G) — >■ {E' — G') are the 
crossed module maps {ip: E —i' E' , (f): G ^ G'), such that i/;: E ^ E' is surjcctive. The homotopy category 
of 2-crossed modules is equivalent to the homotopy category of pointed connected 2-types [311 [HI [31 [1] 
(where an n-type is a space X such that TTi{X) = {0}, if i > n). Since the reflexion functor P2 : SQ — ?> SQ2 
preserves cofibrations, a crossed module {d: E G) is cofibrant when G is a free group, since in this case 
one can prove that there exists a free simplicial group (with Moore complex of length three) whose second 
Postnikov section is (9: E ^ G). The fact that, \i {d: E ^ G,>) is a crossed module with G a free group, 
then it is cofibrant is directly proved for example in [5D]. 

The 2-crossed modules were defined by Condunche [TS] , who proved that the category of 2-crossed modules 
is equivalent to the category of simplicial groups whose Moore complex has length three. A 2-crossed module 
is given by a complex of groups {L -—^ E G), with a given action of G on and L by automorphisms, 
such that ((9 : E' — > G) is a pre-crossed module, and also we have a map {, } : E x E ^ L (the PeifFer lifting), 
lifting the Peiffer commutator map <,> : E x E ^ E, where, as before, (e, /) = (e/e~^) (9(e) > /~^). This 
lifting has to satisfy very natural properties, satisfied by the Peiffer pairing itself. The quadratic modules, 
defined by Baues in [3] (being models for homotopy 3-typcs) are a special case of 2-crossed modules. 

The category of 2-crossed modules is a Quillen model category, [T31[T3[, where a map {L — >• 

E G) {V E' G') is a fibration if, and only ii, fi: L ^ L' and ip: E ^ E' each arc surjective, and a 
weak equivalence if it induces isomorphisms of homotopy groups. Since the reflection functor P3 : SQ — > SQy, 
preserves coflbrations, one can see that any 2-crosscd module ^ = (L — > — > G), with {E — > G) being a 
totally free pre-crossed module (in short A is free up to order two) , is cofibrant in this model category. Similar 
results are proved in [33], where an analogous model category structure for Gray categories is constructed, 
and it is proven that a Gray category is cofibrant if, and only if, its underlying sesquicategory |44] is free 
on a computad. We will go back to this issue below. Both 2-crossed modules and quadratic modules model 
the category of 3-types: pointed CW-complexes X such that TTi{X) = {0} if i > 3, where the Whitehead 
products 'K2{X) X 7r2(X) — ^ T^ziX) arc of course encoded in the Peiffer lifting. Quadratic modules are a 
reflexive subcategory of the category of 2-crossed modules; a reflection functor was constructed in |2]. 

Recall, see [TB] [551 [37] , that a Gray 3-category C (or Gray enriched category) is a category enriched over 
the monoidal category of 2-categorics, with the Gray tensor product. These can be given a more explicit 
definition, see |16[l31j . In particular, one has sets Gq, Gi, G2 and G3 of objects, morphisms, 2-morphisms and 
3-morphisms, and several operations between then. In particular, objects, 1-morphisms and 2-morphisms 
of C form a sesquiategory [33] , a structure similar to a 2-category, but where the interchange law [3T1 [55] 
does not hold. Nevertheless, the interchange law holds up to a chosen tri-morphism: the "interchanger" . 
Gray 3-categories correspond to the strictest version of tri-categories, in the sense that any tricategory can 
be strictified to a tri-equivalent Gray-category, [28l [27] . For this reason Gray 3-categories are also called 
semistrict tri-catcgorics. 

Gray 3-groupoids can be defined analogously: there exists an inclusion of the category of 2-groupoids 
into the category of w-groupoids |10| (equivalent to crossed complexes of groupoids), which has a left adjoint 
T (the cotruncation functor) similar to the 2-type functor. The tensor product of w-groupoids is treated in 
[10[ [9]. and from now on called Brown-Higgins tensor product. By composing with the cotruncation functor 
yields a tensor product in the category of 2-groupoids (which is simply the restriction of the Gray tensor 
product of 2-categories to 2-groupoids) , part of a monoidal closed structure. A Gray 3-groupoid is a groupoid 
enriched over this monoidal category of 2-groupoids. These are therefore Gray 3-categories where any i-cell 
{i > 1) is strictly invertible. It is folklore, and explicitly proven for example in [3T1[7], that any 2-crossed 
module defines a Gray 3-groupoid with a single object (a "Gray 3-group"), and conversely. In particular the 
interchanger is derived from the Peiffer lifting in the given 2-crossed module. 

The notion of a homotopy between w-groupoid maps is treated in [^ llOl lS]. Considering ri-fold homotopics 
between w-groupoids maps defines an internal-hom "HOM" in the category of w-groupoids, which, together 
with the Brown-Higgins tensor product of w-groupoids, induces a monoidal closed structure. By applying 
the cotruncation functor this yields a monoidal closed structure in the category of 2-groupoids. If A and 
B are 2-groupoids then II0M(74, B) is simply the 2-groupoid of strict functors A B, pseudo-natural 
transformations between them and their modifications. Considering 2-groups (2-groupoids with a single 
object) A and B, and pointed pseudo natural transformations and modifications, yields simply a groupoid 
with objects the maps A ^ B, and morphisms their pointed pseudo-natural transformations. The latter 
groupoid is what we want to generalise for Gray 3-groups. 
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In [12], the notion of a pseudo- natural transformation (a 1-transfor) between strict functors of Gray 
3-categories was addressed. Unlike the notion of pseudo-natural transformations between strict functors of 

2- categories, this docs not define (in general) an equivalence relation between Gray functors, the problem 
being that we cannot [TB], in general, concatenate two 1-transfors, due to the lack of the interchange condition 
in Gray 3-categories. To have an equivalence relation between strict Gray functors one needs the full force 
of tricategories, leading to a less restrictive notion of 1-transfors, see [551 HZl [5S]. In particular given Gray 

3- categories A and B one has a Gray 3-category HOAi{A, B) of strict Gray functors and their lax 1-, 2- 
and 3-transfors. 

Given that strict 1-transfors between Gray 3-category maps f,g: A B can be modeled by maps from 
the tensor product (of Gray categories [12]) A® I into B, where A ® / is a cylinder object for A, the fact 
that two maps being related by a 1-transfor does not yield, in general, an equivalence relation is not at all 
surprising, given that in a model category such a construction would only be an equivalence relation, in 
general, if A were cofibrant and B were fibrant. As we have mentioned before A is cofibrant if, and only if, 
the underlying sesquicategory of A is free on a computad, |33| . 

In this article, we will analyse the notion of 1-transfors connecting Gray 3-groupoid maps, as well as 2- 
transfors connecting these, in context of 2-crossed modules. Similarly to [UHI], we will restrict our discussion 
to the pointed case, and, since we are working with complexes of groups, we will name (strict) 1-transfors 
and 2-transfors as being homotopies and 2-fold homotopies. These are very similar to the usual notions of 
homotopies between chain complex maps, and 2-fold homotopies connecting them, however adapted to the 
non-abelian case. 

To this end, given a 2-crossed module A', we will define a path-space J'*(^') for it, together with two 
fibrations Prf ,PTf : T^iA') A'. This will be a good path space [12 , in the model category of 2-crosscd 
modules. We use J'»(^') to define the homotopy relation between 2-crosscd module maps A ^ A' . This 
coincides with the notion defined ad- hoc in |5T]. 

Let A—{L^E^G) and A' = {L' E' ^ G') he 2-crossed modules (or more precisely the underlying 
complexes of them, since we also have actions o of G on E and L and a lifting {,}: E x E ^ L oi the Peiffer 
pairing, and the same for A'.) A homotopy between the 2-crossed module maps /, /': A ^ A', explicitly 
/ = (/i: L L',V: E E'.cj): G -> G") and /' = (/x'; L i',^/.': E E'/cj)': G -> G'), is given 
by two set maps s: G E' and t: E ^ L' , satisfying appropriate properties (defining what we called a 
quadratic /-derivation), resembling the notion of homotopy between quadratic module maps, treated in [4]. 
For example, for all 5, /i 6 G we must have s{gh) = (j){h)~^ > s{g) s{h), thus s : G — iJ' is to be a derivation. 

The notion of homotopy between 2-crossed module maps A ^ A' is not an equivalence relation. This 
issue can be solved, for example, if we consider the case where the underlying prc-crosscd module (d: E G) 
of A is totally free, thus A is cofibrant in the model category of 2-crosscd modules, which renders all objects 
fibrant. 

What is surprising (and will be the main result of this paper) is that ii A ~ {L ^ E ^ F) is a. 2-crossed 
module, such that is a free group (in short A is free up to order one), then homotopy between 2-crossed 
module maps A —?' A' defines an equivalence relation. Moreover, if a free basis B of F is specified, then we 
can define a groupoid, whose objects are the 2-crossed module maps A ^ A' and the morphisms are their 
homotopies, represented as (for (s,<) a quadratic /-derivation): 

This process can be continued, to define a 2-groupoid IIOMs(^, ^'), with objects being the 2-crossed 
module maps A —j' A' , the morphisms being the homotopies between then, and the 2- morphisms being 2- 
fold homotopies between homotopies. We will present very detailed calculations. One of the first issues this 
result raises is whether the category of free up to order one 2-crossed modules (and strict maps, preserving 
chosen basis) can be enriched over the monoidal category Gray, in other words whether it is a Gray 3-category. 
Consider two 2-crossed modules: 

A = (l ^F,>,{,}) and^'= (l' A £;'^G', >,{,}), 

such that is a free group, with a chosen basis B. If the quadratic /-derivation {s: F E',t: E L') 
connects f : A ^ A' and f : A ^ A' and {s' : F ^ E' ,t' : E ^ V) connects f : A ^ A' and f":A^A', 
diagrammatically: 

/ li:^ f and /' /", 
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then we explicitly construct a quadratic /-derivation (s s', / (E) /'), such that: 

This concatenation "®" of homotopies is associative and it has inverses. The derivation : F — ^ i?' is the 
unique derivation F E' which, on the chosen basis B of F, has the form b ^ s{b)s'{b). In the case when 
{d: £" — !> G") is a crossed module, and the Peiffer lifting of A' is trivial, we have that (s (25 s')(5) ~ ■^(s)'*'!^) 
for each g & F. Otherwise one has a map w^*'^ '> : F ^ L', measuring the difference between s ® s' and the 
pointwise product of s and s'; namely we have: 

{s ® s'){g) = sis) s'{g) d{u;^-''-''\g)y\ for each gGF 

This map w'-'*'* ^ : F ^ L' has a prime importance in the construction of the concatenation of homotopies. 

Let G be a group. The free group on the underlying set of G is denoted by J^^""p(G). The set inclusion 
G J"''""p(G) is written a.s g € G ^ [g] & J^«""p(G). We have the obvious basis [G] = {[g],g £ G} of 
F^'°"^[G). Consider the obvious projection group map p: J''='°"p(G) — > G, thus p([5]) = g. There exists 
a very natural partial resolution functor , from the category of 2-crossed modules to itself, which, to a 
2-crossed module A= A- ii^ A- G, >, {, }^ , associates the 2-crossed module: 

Q\A) = (l A xpJ--°-(G) ^J--°-(G), >,{,}) , 

where: 

Ea X pJ"«""''(G) = {(e, it) £ S x J'«""''(G) : 9(e) = p(u)}. 

Therefore Q^{A) is free up to order one. Moreover there is a projection proj: (r,q,p): Q^{A) — > A which 
yields isomorphisms at the level of homotopy groups. It has the form: 

L — ^ Ed xpT^'-^^{G) — ^ T^'-^^{G) 

proj — ''I ' ^ 

L > E > G. 

5 a 

where r = id and q{e,u) = e. Therefore proj: Q^{A) ^ is surjcctive and a weak equivalence (thus an 
acyclic fibration in the model category of 2-crossed modules) . 

The map proj: Q^{A) A, resembling a cofibrant replacement, is proven to be part of a comonad in 
[25] . Its co-Kleisli category [36] leads to weaker notions of maps A ^ A' between 2-crossed modules [23] [25] , 
and of homotopies between strict 2-crossed module maps ^ — > as well as of their 2-fold homotopies, 
yielding a 2-groupoid 5£0Mlax('4, ^'), of strict maps A A' , lax homotopies and lax 2-fold homotopies, 
which we fully describe. 

Let us be specific. Let A and A' be 2-crosscd modules. Let hom(^, ^') denote the set of 2-crossed 
module maps A — > A'. Given that proj: Q^{A) ^ is surjective, the map / G hom(^, ^') i— > / o 
proj G honi{Q^{A),A') is an injection. A 2-crossed module map Q^{A) — > A' is said to be strict if it 
factors (uniquely) through proj: Q^{A) A. Then we define KOMhAxiA, A') as being the full sub-2- 
groupoid of 110M[g]{Q^{A),A'), with objects being the strict maps Q^{A) — > A'. After presenting Q^{A) 
combinatorially (by generators and relations), we will give a fully combinatorial description of lax homotopies 
between strict 2-crossed module maps, and their lax 2-fold homotopies, therefore explicitly constructing the 

2-groupoid J£OMlax(^, ^')- 

Lax homotopies between strict 2-crossed module maps behave well with respect to composition by strict 
2-crossed module maps. Therefore it is natural to conjecture that the category of 2-crosscd modules, strict 
2-crossed module maps, lax homotopies and their 2-fold homotopies is a Gray 3-category. 

We say that a 2-crossed module map f : A ^ A' is a lax homotopy equivalence if there exists a 2-crosscd 
module map g: A' A such that fog and g o f each are lax homotopic to id^' and id^, respectively. Since 
we can concatenate lax homotopies between 2-crossed module maps, the class of lax homotopy equivalences 
has the two-of-three property; [18] . Given that we can compose lax homotopies with strict 2-crossed module 
maps, any retract of a lax homotopy equivalence is a lax homotopy equivalence. All of this discussion leads 
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to the issue of whether there exists a model category structure in the category of 2-crossed modules (different 
from the one already referred to, which has as cofibrant objects the retracts of free up to order two 2-crossed 
modules) where weak equivalences correspond to lax homotopy equivalences, and where free up to order one 
2-crossed modules are cofibrant. This would resemble both the Str0m model category structure [15] in the 
category of topological spaces, where the homotopy relation between maps is the usual relation of homotopy 
and all objects are fibrant and cofibrant, and also the Str0m like model category structure in the category of 
2-categories, constructed in [19], where all 2-categories are fibrant and cofibrant, and the homotopy relation 
between maps correspond to them being related by a pseudo-natural transformation. This model structure 
in the category if 2-categories is different from the one defined in [32] , where a 2-category is cofibrant if and 
only if its underlying category is free. 
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2 Preliminaries on pre-crossed modules and 2-crossed modules 

All actions of a group G on a set X arc to associate the identity map idjf of X to the identity Iq of G. 



2.1 Pre-crossed modules and crossed modules 

Definition 1 (Pre-crossed module) A pre-crossed module [d: E ^ G,\>) is given by a group morphism 
d: E G, together with a left action > of G on E by automorphisms, such that the following relation, called 
"first Peiffer relation" , holds: 

d{g > e) ~ geg^^ , for each g (z G and each e E E. 

A crossed module [d: E ^ G,\>) is a pre-crossed module satisfying, further, the ^'second Peiffer relation": 

d{x) > 2/ = xyx~^, for each x,y E E. 

Note that in a crossed module {d: E G,t>) the subgroup ker(9) C -E is central in E. 

Let {d: E G,>) be a pre-crossed module. Given x,y G E, their Peiffer commutator is given by 

{x,y) = {xyx~^){d{x)>y~^). 

Thus a pre-crossed module is a crossed module if, and only if, all of its Peiffer commutators arc the identity 
of E. In any pre-crossed module it holds that for each x,y G E (and where Iq is the identity of G): 

d{{x,y}) = 1g- 

A morphism / = {■i/j,(t)) between the pre-crossed modules [d: E ^ G,\>) and (9': E' — > G',[>') is given 
by a pair of group morphisms ^j: E ^ E' and : G G' making the diagram: 



E - 


G 
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E' - 


G' 



commutative, and such that 

ip{g [> e) = (f){g) >' ip{e), for each e £ E and g E G. 

Morphisms of crossed modules are defined analogously, and therefore the category of crossed modules is a 
full subcategory of the category of pre-crossed modules. 

Example 2 (The underlying group functor Gyq) There is an underlying group functor Grp sending a 
pre-crossed module {E — >■ G, >) to the group G. This has a right adjoint R sending a group G to the crossed 
module (id: G — > G, ad), where we consider the adjoint action ad of G on G. The unit of this adjunction, 
yields a pre-crossed module map rjg = (9, id) : (3 :£'—)■ G, >) (id: G — >■ G, ad) = i]{d: E ^ G,>), for each 
pre-crossed module Q = (d: E ^ G,>). 

Definition 3 (The principal group functor Gri ) There is a principal group functor Gri from the cate- 
gory of pre-crossed modules to the category of groups, sending a pre-crossed module {E — >■ G, >) to E. 

2.2 Definition of 2-crossed modules and elementary properties. The secondary 
action >' of a 2-crossed module 

We will follow the conventions of [T5j [22] for the definition of a 2-crossed module. Important references on 
2-crossed modules are [38 l [3T 1 iTl 141] . 
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Definition 4 (2-crossed module) A 2-crossed module (of groups) is given by a chain complex of groups: 

together with left actions >, hy automorphisms, of G on L and E (and on G by conjugation), and a G- 
equivariant function {,} : E x E L (called the Peiffer lifting). Here G-equivariance means: 

9> {e, f} = {g> e,g> f}, for each g e G and e,feE. 

These are to satisfy: 

1. E ^G is a chain complex of G -modules (in other words d and S are G-equivariant and doS = I.) 

2. (5({e, /}) = (e, /) , for each ej e E. Recall that (e, /) = {efe-^){d{e) > f-^). 

3. [l,k] = {5{l),5{k)}, for each l,k e L. Here [l,k] = lkl~^k-^. 
I {S{1), e} {e, S{1)} = /((9(e) > r i), for each ee E andl e L. 

5- {ef,g} = {ejgf-^}d{e)t>{f,g}, for each ej,g £ E. 

6- {e, fg} = {e, /} (5(e) > /) >' {e, g), where e,f,g(E E. 
Here we have put: 

et>' I = I {5{l)~^,e} , where I e L and e e E. (2) 
The following is very well know; see [TSl |4T| . 

Lemma 5 (Secondary action >' of a 2-crossed module) Let A — {L E G,t>, {,}) be a 2-crossed 
module. The map (e, /) £GxEi-^e>'l of equation ^ is a left action of E on L by automorphisms, called 
the "secondary action of Q ". Together with the map S: L ^ E, the action >' defines a crossed module. 

Let us give details. A complete proof that Z G L M> ei>' / G L, for an e E E, satisfies eo' (Ik) = (e i>' I) (ei>' k), 
for each l,k E L, is in [121 page 163]. In particular e>' II = 1l for each e & E; here 1l denotes the identity 
of the group L. Therefore, from the explicit formula for we must have, for each e € E, that {1_e, e} = 1l, 
where 1b is the identity of E. Also, if e G -E, then: 

{<5(lL),e}{e,5(U)} = U a(e)>l^i = li, 

thus also {e, 1_e} = 1l for each e £ E. We have in particular proven that given any e £ E: 

{e,lE} = {lE,e} = lL. (3) 

Let us now sec that >' defines an action of E on L. Given e, f E E and / G i we have: 

(e/) >' I = l{S{l)-\ef} = l{S{l)-\e} {d{S{l)) > e) >' {5{ir\ .f) = ^-5(0"', e} e >' {S{l)-\ f} 
- (e >' I) (e >' {6{r'), /} = e >' {1{S{1-'), /}) = e >' (/ >' I). 

Also, a I e L: 

1e>'1 = 1{S{1)-\Ie} = 1- 

That, together with the map 6: L E, the action >' defines a crossed module follows from axioms 2 
and 3 of definition Note that in particular it follows that ker{S) C L is central in L. 
We also have: 

{S{iy\ey^l-^ = {e>'l)-^ =ei>'/-i = {5{l), e} , (4) 

e>' l^{6{l),e}-H, (5) 

die)>l^{e>'l){e,d{l)-'}, (6) 

d{e)>l = {e,6{l)}''^ e>'l. (7) 
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Therefore d{a) >l = a>'liiaGE and I € kerS; equation ([3]). For each a,b, c G E we have: 

a [>' {b, c} = dia) {6, c}{a, (fo, c)~^ = {^(a) > 6, a(a) > c}{a, (a(&) > c)6c-ir ^j-i. (8) 

A morphism / — {fi,il;,(p) between the 2-crossed modules Ai = {Li — ;> _Ei — > Gi,[>i,{,}i) and A2 — 
(L2 E2 ^ G2,>2, {, is given by group morphisms /i: Li — £2, V': £'1 £'2 and (f>: Gi G2, defining 
a chain map between the underlying complexes, such that, for each e, f E E, g Cz G and k E L: 

A*({e, /}i) = {^Ale), '0(/)}2, A*(.9 i>i k) = 0(5) >2 /i(fc) and ■(/;(.9 >! e) = (j){g) >2 ip{e). 

The set of 2-crossed module morphisms Ai A2 is denoted by hom(^i,^2)- 

For a proof of the following lemma we refer to [1TJ[52]. Compare with ([H)) and P3)) . 

Lemma 6 In a 2-crossed module (i -^^ i? -H^ G, >, {, }) loe /lawe, for each e, /, g E E , a E G and k E L: 



{e/, g} = (e >' {/, g}){e, d{f ) t> g} and {e, fg} - ((e/e-^) >' {e, 5}) {e, /}■ (9) 

a > (e >' fc) = (a > e) >' (a > fc). (10) 

{e,/}-i=a(e)>{e-i,e/e-i}, {e, = (e/g-i) >' {e, T ^j, (11) 

{e,/}-i = (a(e)>/)>'{e,ri}, {e, = e >' {e"!, a(e) > /}. (12) 

a >' {n, m} — {a n d{n~^) > a"^, {d{n~^) > a) m{d{n~^) \> a^^)}, (13) 

{e, = {ef d{e-') t> {ef-'e-'), 5(e) > (e/e-^) 5 ^(e-i) > {ef-'e-'Me, /}, (14) 

{e/,5} = {e/a(/)-i>e-i,(a(ri)>e) 5 {d{f-') > e-')} {e, d{f) > g}. (15) 



A very useful identity satisfied in any 2-crossed module is the following (here x, a, e, a', e' E E): 

{x, e'-^a'~^e~^a~^} = ((xe'^^) >' {a'-\e-^}) 

{x,e'-\d{a')-^ > e-^)a'-^a-^} dix) > {e'-^ >' {a'-\e-^}y\ (16) 

By noting equation ©, using the fact that {6: L ^ E,>') is a crossed module, this is proved as: 

((xe'-i) >' {a'-\e-^}) {x, e'~\d{a')-^ > e-^)a'-'a-'} d{x) > (e'-^ >' {a'-\e-^}-^) 
= {{xe'-^)>' {a'-\e-^}) {x,e'-\d{a')-' > e-^)a'-^a-^} 

(xe'-i) >' {{a'-\e-^y^){x, e'-^ {a'-\e-^) e'} 
= {xe'-^{a'-\e-^)e'x~^) >' {x, e'-\d{a')-' > e-^)a'-^a-^} {x, e'-^ (a'-\ e"!) e'} 
= {x,e'-^a'~^e~^a~^}. 

We have used equation and the fact: 

e'-'a'-'e-'a^' ^e'-^ {a'-\e-^) e' e'-^ (9(a')"' > e"!) a'-^a-i. 

We also have (here x,e E E and k E L): 

{x,5{k)-^er^}-^ x>' k-^ =d{x)t>k-^ {x,e-i}-^ (17) 

Which can be proved as (we use the fact that [5: L ^ E,\>') is a crossed module): 

d{x) > fc-i {x, e-i}-i = d{x) > fc-i {x, e-^]-^(x >' fc) (x >' k'^) 

= {d{x)t>k~^) {x,e-i}-i(9(x)c>'fc){.T,5(fc)-i}-i (x>'fc-i) 
= ((5(a(x)>fc-i)>'{x,e-i}-i) {x,5{k)-^}-^ (xo'fc-i) 
= {x,<5(fc)-ie-i}-i x>'A;^\ 
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Example 7 Given a pre-crossed module E ^ G, consider the Peiffer subgroup {E,E) C E, generated by 
the Peiffer commutators {a,b); see subsection \2. 1[ Then {E,E) E ^ G is a 2-crossed module, where the 
Peiffer lifting is {a, fo} = (a, b) . 

Example 8 (The underlying pre-crossed module functor T) There is a truncation functor T, or un- 
derlying pre-crossed module functor, sending a 2-crossed module A = {L E ^ G,>, {,}) to its underlying 
pre-crossed module (d: — > G,>). This has a right adjoint sending a pre-crossed module (d: E ^ G,>) to 
(ker(9) — >■ i5 — > G, >) , where we considered the inclusion map ker((9) — >■ E, and the Peiffer lifting is as in the 
previous example. A left adjoint to the truncation functor was constructed in \21f . 

Example 9 (The underlying group Gro and principal group Gii functors) There is an underlying 
group functor Gtq sending a 2-crossed module {L ^ E ^ G) to the group G. This has a right adjoint sending 
a group G to the 2-crossed module ({1} — > G — > G), considering the identity map G ^ G, the adjoint action 
of G on G; and the trivial Peiffer lifting. Compare with example [H On the other hand the principal group 
functor Gi'i sends a a 2-crossed module {L ^ E ^ G) to the group E. 

Definition 10 (Preeness up to order one) We say that 2-crossed module A = {L ^ E ^ F, is 

free up to order one if G = Gro(^) is a free group. An important category that we will consider is the 
category of free up to order one 2-crossed modules A, with a specified (chosen) basis o/Gro(^). 

Definition 11 (Homotopy groups of a 2-crossed module) Given a 2-crossed module A ~ {L —> E ^ 
G, >, {, }) then both ini(9) C G and im{S) C E are normal subgroups. This permits us to define the homotopy 
groups T:i{A), where i = 1, 2, 3 as the first three homology groups of the underlying complex of A. 

2.3 The path space of a 2-crossed module 

Let Q = {L E G,>, {,}) he a 2-crossed module. Let us define the path space of it, together witli 

two surjective 2-crossed module morphisms J'»(f/)^z|t/, and an inclusion ig : Q ^ 5'*(^?), with Pr^ o ig ~ 
PrQ o ig ^ idg. 

2.3.1 The derived action * and the first and second lifted actions • of a 2-crossed module 

Most of this discussion appeared in |21j . 

Remark 12 (Convention on semidirect products) Given a left action > of the group G on the group 
E by automorphisms, the convention for the semidirect product G \><^ E is: 

{g,e){g\e') = {gg',{g'-'>e)e'). 

In particular given g £ G and e £ E we have: 

{g,er^^{g-\gt>e-^). 

Considering the inclusions g £ G ^ {g,l) £ G E and e E E (1, e) £ G tK^ E , then ge = {g, e) and we 
have the commutation relation: 

e 9 = 9 9^^>e. 

We resume the notation of 12.21 Consider the left action of E on L (the secondary action >' of Q) given 
by e >' fc = k{6{k)~^, e}, where e £ E and k e L; lemma[S] Form the semidirect product E K[>/ L. For the 
following see [13 [H] ■ 

Lemma 13 (Derived action) Let Q = {L E ^ G,t>,{,}) be a 2-crossed module. There exists a left 
action * of E on E k^,/ L, by automorphisms (called the "derived action of Q"), with the form: 

b * (e, k) = {d{b) > e, (6 >' {b-\d{b) > e-^}) b >' k) 

= {d{b) > e, {b, e~^}~^ bt>' k) , where e,b € E and k £ L, 

see equation il2^) . Note that if e E E and k G L: 

b * (Sik), fc-i) = (Sidib) > k),dib) > fc-i). (18) 



10 



Consider the group E {E k^' L), whose group law is (remark [T^ : 

(a, e, k)ia\ e' , k') = faa, {d{a'-^) t> e)e', ({a'e')-^ >' i{a', d{a')~^ > e-^}k)k'\ 

(19) 

= {aa\ (a(a'-i) > e)e', (e'-^ >' {{a'-\e-^}-^ a'-^ >' fc)fc') . 

If we put a = (a, 1, 1), e = (1, e, 1) and fc = (1, 1, k), and the same for their images under > and >' we have: 

{a,e,k) = aek, aka"^ ^ at>' k, efce"^ = et>'fc. (20) 

Moreover, we have ([22]) and below: 

aea-i (5(a) l> e) (a >' {a-\ ^(a) > e"^}) (^(a) > e) ({a,e-i})-\ (21) 

kak-^ = a (a-i >' fc) fc-^ and eae"! = a (^(a-i) > e) {{a~'^, e"'^}-^) e'^, (22) 
/fcZfc-i = 5{k) >' I = {d{k), 1, l)l{6{k), 1, l)-i = (1, 6{k), 1)/(1, (5(fc), 1)"^ (23) 
Particular cases of the multiplication are: 

(a, 1, k){a', 1, k') = (aa', 1, (0'"^ > fc)fc') , where a,a' gE and fc, fc' 6 L, (24) 
(1, e, fc)(l, e', fc') = (1, ee', (a'^^ > fc)fc') , where e,e' e E and fc, fc' e i. (25) 

Thus since {6: L ^ E,>') is a crossed module: 

{S{1), 1, fc) ((5(/'), 1, k') = {S{l)S{l'), 1, 1'-^kl'k') (26) 
(l,(5(0,fc)(l,(5(?'),fc') = {l,S{l)S{l'),l'-^kl'k'), where k,k',l,l' e L (27) 

Consider the semidirect product G ><|>iJ, thus (5, e)((7', e') ~ {gg', (5'^^ i>e)e') . The following essential lemma 
appeared in |21| . We will provide a proof since it is of fundamental importance for the sequel. 

Lemma 14 (First lifted action) Let Q = (L E ^ G, >,{,}) be a 2-crossed module of groups. There 
exists a left action by automorphisms • of G k^E on E k [E L) (which we will call the first lifted action 
of Q ), with the form: 

(5, x) • (a, e, k) = (^gt> a,gi> ((9(a)~^ > x) ex~^),g\> ^(a;e~^) >' |a~\ x^^j ^5 > |a;, e^^a^^j (g3(a;))) > k^ 

^ g^ [a, {d{a)^^ >x)ex^^, (xe^^) i>' |a"\a;"^| jx, e^^a^^j d{x) t> fcj . 

Particular cases of the first lifted action, which will be important later are (it is instructive to prove that we 
do get an action by automorphisms in these cases, the following one being proved below). 

X • (a, e, k) = (^a, {d{a)~^ t> x)ex~^, (^{xe~^) >' |a^\ x^^j ^ |x, e~^a~^^d{x) t> fc^, (28) 

X • {S{k), 1, = {S{k), 1, k-'^d{x) > (kl)), where x € E, and k,l £ L, (29) 
X • (1, e, fc) = ^a, .Tex^^, {x, e^^} (9(a;) i> fcj , (30) 

(5,x) • (l,e,fc) = (^l, g {xex~^), g > {{x, e-^}d{x) > k)y (31) 

a;.(l,(5(fc),fc-i) = (l,x6{k)x-\{x,6{k)~^} 9(a;)i>fc-^) = (l, .T(5(fc)2;~\ x [>' fc"^) , (32) 

x« (a,l,l) = (a,d{ay^t>x (x [>' {a"\ x"^}"^) {x, a"^} j , (33) 

(5(fc) • (a, 1, 1) = (a, a(a)^i > 5{k) 5{k)-^, k d{a) > fc-^) , (34) 

and of course 

g»{a,e,k) = {gt>a,gf>e,g>k). (35) 
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If X is such that {a;, e} = {e, x} = 1, for all e E E, we have: 

X • (a, e, k) = ^a, {d{a)^^ > x)ex^^ , d{x) > kj . (36) 

Proof. (Lemma I14p The only complicated bit is to prove that E C G E acts on _E (E' K|>' L) by 
automorphisms. Let us identify x G E with (l,a;, 1) S £^ K* [E k^i L), and the same for its images under >. 
By the formulae above: 

xaekx~^ = xax^^xekx^^ ~ a{d{a)^^ t> x){a~^ , x~^}~^ekx~^ (37) 
= a{d{a)-^ > x) {a-\x-^}-^ex-\x >' k) (38) 
= a(9(a)-i > x)ex-^ {xe'^ >' {a-^,x-^}-^) {x >' k) (39) 

Therefore: 

a; • {aek) — x{aek)x~^ f{x,aek) (40) 

where 

f{x, aek) = {x >' k^^) ^x, e^^a"^ | d{x) > k. 
To prove • is an action, we need to prove that: 

yf{x,aek)y~^f(^y,a(d{a)~^>x)ex~^(^xe~^>'{a~^,x~^^ ) {x, e~^a~^}d{x) > k^ = f{yx,aek). (41) 
The left hand side of (gT]) is: 

y{x >' k-'^) |a;, e-ifl-i } {d{x) > k) y-^ 

y >' ((9(x)>fc-i)){.T,e-ia-i}^'(xe-i)>'{a-\x-i}) {y, (a (a(a)-i > x)ex-i)-i} 

a(y)i> (((a;e^i)i>' {a-\ a;-^}"^) {x, e-ia-^}a(a;) > /c) , (42) 
which simplifies to (on the nose, by using (j20p ): 

{{yx) >' k-')iyxe-') >' {a-\x-'} {y, {a id{a)-' t> x)ex-Y'} 

d{y)t> (^{xe-^)t>' {a-\x-^^ d{y) t> {x,e-^a-^}^ d{yx) t> k. (43) 

The right hand side of (gT]) is: 

((yx) >' k^^) |yx, e^^a^^j d{yx) >k = {{yx) >' fc~^) {y, xe~^a~^x~^} 9(y) > {x, e~^a~^} d{yx) > k. (44) 
To prove pi]) we thus need to prove: 

{y,xe-ia-ix-i} = (yxe'^) >' {a-\x-i} {y, (a (5(a)-i > x)ex-i)-i}a(y) > ((xe"!) >' {a-\x-i}"']. 

This follows from equation (jl6p . with x = y, e'^^ = xe^^, a'^^ = a^^, e^^ = x^^ and a = 1. 

To prove that the action of x G -E on E' k» (E' k^,/ L) is by automorphisms we need to prove that 

(x, aeka'e'k') = (x >' k'~^) {{xa'e'x^^)~^ >' /(x, aek)) (x >' fc') /(x, a'e'k'). (45) 

The left hand side of (gS]) is, by (HH): 

/(x, aa'(a(a'-i) > e)e' ((a'e')"' >' ({a', 5(a')"' > e-^jfe) fc') = 

x' >' (fc'-i) X >' ((a'e')"^ >' ({a', <9(a')"^ > e-i}fc)) {x, {aa'{d{a'-^) > e)e')~^} 

5(x)> (((a'e')"'>' ({a',a(a')"'>e-i}fc))fc'). (46) 
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The right hand side of pS)) is: 

{x>'k'-') {xa'e'x-^)-^>' (^{x>' k-^)\^x,e-'a-^}dix)>k^ {x,e'-hi'-^} d{x) > k' . (47) 
To prove (|45p we need to prove: 

x>' ((a'e')"' >' {{a', d{a')-' >e-^}) {x, (aa'(9(a'-i)t>e)e')"'} > ((a'e')"' >' {{a\ d{a')-^ >e-^}k)^ 

^ (xa'e'x-^)-^ >' ({x, e-^a-i} > fc)) {x, e'^^a'-i}, (48) 
where the bottom term simphfies as (since (S: L ^ E,>') is a crossed module): 

{xa'e'x-^)-^>' (^{x,e-^a-^}d{x)>k'^ {x,e'-^a'-^} 
= {xa'e'x~^)'^i>' {x,e~^a~^} {xa'e'x-^y^ >' {d{x) > k) {x, e'-^a'-^} 
^ixa'e'x-Y'>' {x,e-'a-'} {x,e'-'a'-'} {{x,e'-'a'-Y' {xa'e'x-'y') >' (dix) > k) 

= (xa'e'x-^)-^ >' {x,e-^a-^} {x,e'-^a'-^}d{x) > ((a'e')"^ >' fc) = {x, e'-^a'-^ e-^a-^} dix) > {{a'e')-^ >' k) . 

And the top term simphfies, as by (|12p : 

((xe'-i)>'({a'-\e-i}) {z, (aa'(a(a'-i) >e)e')"'} d{x)> (^e/-^ >' {a'-\e-^}-^^ d{x)> {{a'e')-^ >' k) . (49) 

Equation P5|) . thus equation P5|) . fohows therefore plainly from (fTBl) . ■ 
It easily follows that, where ad is the adjoint action of L on itself: 

Lemma 15 (Second lifted action) There is a left action • of G E in L Ks,^ L, by automorphisms 
(called the second lifted action), which has the form 

X • {k, I) ~ (fc, k~^d{x) > (kl)) and g • {k,l) ~ {g t> k, g > I). 

Here x E, g Cz G and (fc, I) G L [><iic\ L. 

2.3.2 Definition of the path space 5'*(CJ) of a 2-crossed module Q 
By using ((29)) . (|26)) and ((T9| . we can see that the maps 

(a, e,k) e E K^, {E iX[>/ L) A (9(a), e) e G E 

and 

{k,l) G L Kad L ^^ (J(fc), IeJ) e E tK^{E Kt>' £) 

are G X[> £'-equivariant group morphisms, with respect to the lifted actions • of ^ and the adjoint action of 
G tK^ E on itself. This defines a chain complex of groups: 

L K^^L ^ E {E K^, L) A G K^E. (50) 

The Peiffer pairing in the pre-crossed module Et<^,{Et<^iL)AGt<^E was calculated in [3T] : 

{{a,e,k),{a',e\k')) = {{a,a'),l,{a,ci'y^{aeS{k),a'e'S{k')}). (51) 

By using example [71 and the structure of the group complex (jSOp , namely equations (j26p and the form of 
the product in L Kad L, there follows that there exists a 2-crossed module structure in ([501 . whose Peiffer 
lifting \,\: {E K^{E K^, L)) X {E {E k^, L)) L K ad i takes the following form: 

|(a,e,fc),(a',e',fc')| = {{a,a'},{a,a']-^{ae5{k),a'e'5{k')]). (52) 

Thus on generators we have: 

|(a, 1, 1), (a', 1, 1)1 = ({a, a'}, 1), |(a, 1, 1), (1, e', 1)| = (1, {a, e'}), (53) 
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|(l,e,l),(a',l,l)| = (l,{e,a'}), 
|(l,e,l),(l,eM)| = (l,{e,e'}), 
|(l,l,fc),(a',l,l)| = (l,{<5(fc),a'}), 
|(l,l,fc),(l,l,fc')| -(l,[fc,fc']). 



|(a,l,l),(l,l,fc')| = (l,{a,<5(fc')}), 

|(l,e,l),(l,l,fc')l -(l,{e,5(fc')}), 
|(l,l,fc),(l,e',l)H(l,{,5(fc),e'}), 



(54) 
(55) 
(56) 
(57) 



Definition 16 For a 2-crossed module (L ^ E ^ G,>, { }), the 2-crossed module 

y*{Q) ^ {^Lk^^L^ Ek,{E k^, L)^Gk^ E, I, l) (58) 

just defined will be called the (pointed) path-space of Q . Clearly the path-space construction is functorial 
with respect to 2-crossed module morphisms. 

For a,e £ E and k £ L, put a = (a, 1,1), e = (l,e,l) and k = (1,1, fc). Given m,l £ L we have (where 

•' denotes the secondary action of J'*(^), definition [SJ an action by automorphisms of E k, {E K[>/ L) on 
L Kad L): 

a •' (to, 1) = (a >' TO, 1), a •' (1, /) = (1, a >' I) 

e.' (to,1) = (TO,{5(TO-^),e}), e«' (1,/) = (l,et>' (59) 

k •' (to, 1) = (to, m-^kmk-^). k •' (1, /) = (1, fc^fc"^) = (1, S{k) >' I). 

By straightforward calculations we conclude (to this end note (a, e, k) = aek) that: 

Theorem 17 Let g ^ {L E ^ G,>, {, }) be a 2 -crossed module. The maps {k,l) £ L Kad L ^ kl £ L 
and 

(a, e,k) £E\K^{E k^, L) ^ aeS{k) £E, {g, e) £ G E <^ gd{e) £ G; 

and also: 

(fc, I) £ L v.^dL fif k £ L, {a,e,k) £ E v.^ {E L) ^ a £ E, {g,e) £ G k E ^ g £ G 

are group morphisms. Moreover the triples Prp (p,q,r) and Pif {p',q\r') define surjective morphisms 
J'*(0) G of 2-crossed modules. We also have an inclusion map ig: Q ^ J'*(^) such that: 

5^(5,1), eH^(e,l,l), k^{k,l). 

Therefore Prg o ig and Prf o ig each are the identity of Q . Moreover the map (Pr^,Pr?): y^{G) G x g 
is a fibration of 2-crossed modules, considering the model category structure in the category of 2-crossed 
modules defined in I13f . see the introduction. This is because both maps {p,p'): L L — >■ L x L and 
{q,q'): E x^, {E x^i L) ^ E x E are surjective. Therefore 5'*(t/) is a good path-space for Q, ]18^ . since clearly 
ig: Q ^ J'*(^/) induces isomorphism at the level of homotopy groups. 

2.3.3 Some particular group morphisms 

Wc note some particular group morphisms which will be used several times later. Note that if (9: E ^ G, >) 
is a pre-crossed module then the map: 

{g,e) £G x^E ^ gd{e) £G (60) 

is a group morphism, co- variant with respect to the actions > of G (by automorphisms), where g > (g' ,e) — 
{gg'g~^,gt> e) and gt>h = ghg^^. Moreover, if (V', 0) : (<9: E' -> G, >) {d: E' — > G',i>), is a pre-crossed 
module map, then: 

(5, e)£Gx^E^ (^(g), ^(e)) £ G' k, E' . (61) 
is also a group morphism, and of course so is the map 

{g,e)£Gx^E^(l)(g)d{ip{e))£G'. (62) 
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Combining with the construction of the first hfted action, this gives a several group morphisms. For example 

{g,x,a,e,k) G (G t<^E)t>, {E {E Lj) ^^ {gd{x),ae5{k)) e G tK^ E (63) 

(given by the pair {q',r') in theorem [T7|) . Also, given the pre-crossed module structure of the path-space 
crossed module we have a group morphism 

{g,x,a,e,k) e (G K|> E) >, {E {E K[> L)) ^ {g,x) I3{a,e,k) = {gd{a),d{a)~^ t> x e) e G E (64) 

which is invariant under the action • of G x^ E, such that: 

{h, y) • (5, X, a, e, fc) = ((/i, y){g, x){h, y)~\ (h, y) • (a, e, fc)) 

and 

{h,y) • {g,x) ^ {h,y){g,x){h,y)-^. 

2.4 The disk space of a 2-crossed module 

2.4.1 The double path-space of a 2-crossed module 

Given a 2-crossed module G ^ {L E ^ G,t>, {, }), we can iterate the path-space construction, obtaining 
a 2-crossed module J'*(J',(t/)), the double path-space of Q, with underlying group complex: 

{L Kad L) Kad {L K ad L) {E K ^ {E K^, L)) K ^ {{E K ^ {E K^, L) K,/ (L K ad L)) 

^ {G K^E) K,{E K^{E K^, L)), (65) 

and lifted actions (now denoted by □) of the first group on the remaining groups. Here •' denotes the 
secondary action of y*{G)', lemma [S] 

There are four natural 2-crossed module maps J'*(J'*(t/)) J'*(t/)- Namely the maps PrJ'*'^^ and 
Prp*'^'' of theorem [T7l which have the form (respectively): 

(fc, I, k', I') ^ {kk\ k'^Hk'l'), (a, e, fc, a', e', k' , I, I') h-> (a, e, fc)(a', e', fc')((5(0, 1, 1'), 

{g, X, a, e, k) 1-^ (5, x)(9(a), e) = (^^(a), 5(a)~^ > a; e) 

and 

(fc, I, k', I') i-> (fc, I), (a, e, fc, a', e', fc', Z, /') t-^ (a, e, fc), (g, x, a, e, fc) 1— > (g, x). 

Also, by applying the path-space functor T» to the 2-crossed module maps Pr^ and Pi'q, from ^'♦(t/) to f/, 
yields 2-crossed module maps 5'*(Pr^), J',(PrQ ) : J',(J'»(t/)) T'*(^), which have the form, respectively: 

(fc, k', I') i-> (fc/, fc'/'), (a, e, fc, a', e', k' , I, I') 1-^ {aeS{k),a'e'S{k'),U'), {g, x, a, e, fc) i-> (g9(a;), ae5(fc)), 
(fc, Z, fc', I') H> (fc, fc'), (a, e, fc, a', e', fc', I, I') 1— (a, a', I), (t/, x, a, e, k) M- (p, a). 

2.4.2 Definition of the disk space D,(^) of a 2-crossed module Q 

Let Q = {L E ^ G,>, {,}) he a. 2-crosscd module. Its disk space T>^(Q) will be constructed as being an 
embedded 2-crossed module, within the double path space 5'*(5'*(^)) of Q. Namely, in the last bit of (p5|) . 
instead of E k^, {E K[>/ L), we put the subgroup isomorphic to L, of elements of the form (1, 6{k), fc^^), where 
k & L. The group law is 

(i,j(fc),fc-i)(i,5(0,ri) = ii,s{ki),ikiy'); 

see ([25|) . Under the identification k — {1, 5{k), k^^), the restriction of the first lifted action • of ^ to this 
subgroup is, by ([5^ : 

{g,x) mk = gt>{x>' k). (66) 
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As far as the second group of the disk D^,{Q) is concerned, we consider the subgroup of (i? k, {E k,>' 
L)) K,' {L Kad i), isomorphic to L, of elements of the form: 

(l,<5(fc),fc-i,l,l). 

By equations ([5^ and ([3]) , we have, where |, | is the Peiffer hfting in 7^,(0): 

|(a,e,fc),(l,<5(0,ri)| = (U,U) = |(l,^(0,ri),(a,e,fc)|. 

This wiU be used several times in the following calculations. The restriction of the derived action * of 
E {E L)) on (iJ K» {E K[>/ L)) k,' [L Kad L) to this isomorphic image of L is, given by 

(a, e, * (1, <5(fc), fc-\ 1, 1) = (/3(a, e, • (1, 5{k), fc-^), 1, 1) = (1, d{a) > (e(5(fc)e-i), a(a) > (e >' fc-^), 1, 1). 

Thus under the identification k = (1, 5{k), k~^, 1, 1) we have 

(a, e,l) *k = d{a) t> (e >' k). 

We now describe the restriction of the lifted action □ of By (|36p : 

(1, (5(fc), fc"i)n(a, e, 1, 6{m), 1, 1) 

= (a, e, /, 1, {d{ay^ > d{k)) e 6{m) S{k)-\ km'^e-^ >' {d{a)-^ > fc-^), 1, 1). (67) 

Denoting the Peiffer lifting in the double path space and the path space by {, } and |, |, respectively, we 
have, by ((52)) : 

{(a, e, fc, 1, 5{l), l-\ 1, 1), (a', e', k' , 1, 1, 1)} (|aefc, a'e'fc'|, |aefc, a'e'k'\-^\aekS{l)l-\a'e'k'5{l')l'~^\) 

Now note that, by ([25]). where {, } is the Peiffer lifting in Q: 

\aekd{l)l-\a'e'k'Sil')l'-^\ = \aeS{l) {S{1-^) >' k)l-\a'e'S{l') {5{l')-^ >' k')l'-^\ 

= i{a,a'},{a,a'}-'{aeS{l)SiSir^) >' kr^),a'e'S{l')S{S{l')-^ >' k'l'-^)\ 
= {{a, a'}, {a, a'}~'^{aeS{k),a'e'S{k')}) 
= |aefc, a'e'k'\. 

Therefore 

{(a, e, fc, 1, (5(0, r\ 1, 1), (a', e', fc', 1, Sil'),l'-\l, 1)} = (|aefc, a'e'k'\, 1, l) 
We thus have the following theorem: 

Theorem 18 Given a 2-crossed module Q = {L E G, >,{,}), there exists a 2-crossed module 1)^(Q), 
called the disk-space of Q, with underlying complex of groups: 

L Kad L {E \Kr{E K[>/ L)) K, L — > (G tK^ E) k, L, 

where (recall remark\W\): 

(g, e) • fc = 5 > (e >' fc) (a, e, fc) * Z 9(a) [> (e >' /). (68) 

The underlying action (denoted by Dj of (G K|> E) K, L on {E (E K|>' L)) i is given by (where 
ig,e)eGKE)): 

{g, e)D{a, /, I, I') = {{g, e) . (a, /, 0, 5 > (e >' ^0) (69) 

and by (where k £ L): 

kn{a, e, /, /') = (a, e, /, e'^ >' (^(a)"^ > k) I' k'^). (70) 
T/ie action □ of {G tK^ E) k, L on L \><s,aL has the form: 

(g,e,/)n(fc,fc') = (g,e).(fc,fc')- (71) 
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The boundary maps are: 



a^{k, I) = {5{k), 1, 1, 1) and ^^(a, e, k, I) = {d{a), e, /). 
And finally the Peiffer lifting is (recall (j52p ]; 

{(a, e, fc, /), ((a, e, fc, /)} = \{a, e, fc), (a, e', fc')| 

= ({a, a'}, {a, a'}-i{ae(5(fc), a'e'(5(fc')}) ■ 
T/ie (iisA; space D^{Q) has an inclusion map into J'*(CP, (C?)) of the form: 

{g,x,k) h-^ {g,x,l,S{k),k^'^), 

(a, e, fc, H> (a, e, fc, 1, 1, 1), 

ik,l)^{k,l,l,l). 

Moreover the maps {p,q,r): V^{Q) — > and {p',q',r'): D,(^) — !• where: 



(72) 



p(fc,0-(fc,0, 

p'(fc,o = (fc,0, 



g(a, e, fc, /) = (a, e, fc), 

g(a, e, fc, I) = (a, e(5(Z), l~^k), 



r{9,e,k) = {g,e), 
r'{9,e,k) = {g,ed{k)), 



(73) 
(74) 



are morphisms of 2-crossed modules, and are obtained from the composition of the inclusion map D^,{Q) — > 
5'*(3',(^)) and the projection maps Prf *^^\ Pi-g -^^^ : ^^{^^{g)) T^^iG). Note: 

(a, e, fc)(l, 5{l), r^) = (a, eS{l), (6(1)-'^ > fc) r^) = (a, e(5(0, r^fc). 

Remark 19 A coordinate free definition of the disk space D*(t/) of a 2-crossed module Q is as the limit of: 




■y*{y*{Q)) 



(75) 



This is the point of view considered in \23^ . 



2.5 The composer pre-crossed module 

Lete? = (L^£;^ G, >,{,}) be a 2-crossed module. The composer pre-crossed module Comp(^) of which 
can intuitively be seen as underlying pre-crossed module of the triangle space of Q, will (not surprisingly) 
have a primary importance in the construction of the concatenation of 2-crossed module homotopies. 

2.5.1 Definition of tiie composer pre-crossed module Comp(C7) of a crossed module Q 

Let us look at the underlying pre-crossed module of the double path-space 2-crossed module J'*(J'*(^)); 
equation (|65p . In addition to the underlying pre-crossed module of the disk space of Q, there exists another 
naturally embedded pre-crossed module Comp(C7), strictly containing the underlying pre-crossed module of 
the disk space of g. In the last bit of instead of (G Kt> E) k. {E {E \x.^, L)) = Gro(a'*(J'*(^))) , 

example [9l let us consider: 

(G £;) K. ({1} K, {E K^, L)) ^ Gro(eomp(e?)), 
where the restriction of the •-action is as in (j31[) . namely 

(5,a;) • (l,e,fc) = {l,gt> {xex~^),gi> {{x,e-^} d{x)i>k)Y (76) 

In particular: 

(5,x).(l,,5(fc),fc-i) = (l,g>{x5{k)x-^),g>{{x,5{k)-^} d{x)t>k-^)) = (l,g>5{x>' k),g>{xi>' k'^)), (77) 
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where we have used (O. 

Looking again at the second component of the 2-crossed module (|65p . we now consider the subgroup of 
{E {E K^, L)) {{E {E K^, L) X,, (L Kadi)) = GTi{y^{y^{g))), exampleEl of the form 

{E^,{E K^, L)) Kh. (({1} [E K^- L) K,, ({1} Kad L)) = Gri(eomp(a)). 

Note that (where •' denotes the secondary action of lemma [SJ and |, | the Pciffcr lifting in 

(a,e,fc).'(l,/) = (1,/) |(l,l,'5(0~^),(a,e,fc)| = {5{l)-\ae5{k)} = (1, {aeS{k)yi) = (l, (ae)i>'(fc/fc-i)) . 

We have used ([5^ . Also, considering the derived action of J'»(t/); lemma [T^ 

(a, e, k) * ((1, /, 0, (1, m)) = ((^(a), e) . (1, /, /), |(a, e, fc), (1, /- 1, / >' r')]-' (a, e, fc) (1, m)) 

= ((a(a), e) . (1, /, /), (1, {ae5{k),5{l-').r'}-\h M >' (fcmfc-i)). 

Thus the product in (i? k, (iJ K[>/ L)) k» (({1} k» (i? k^/ i) k,/ ({1} Kad i)) = Gri(eonip(f/)) is: 

((a, e, fc), (1, /, 0, (1, m)) {{a', e', fc'), (1, /', /'), (1, "^')) 

= ((a, e, fc)(a', e', fc'), ((^(a'), e')~' • (1, /, (1, /', I')), 
(1, if'Sinr' >' {{a'e'6{k')r\ {f6{l))-'}-') (1, (/'<5(/'))-' >' {a'e'6{k'))-^ >' m) (1, m')) • (78) 

The restriction A of the lifted action of J'*(C/) to an action by automorphisms of Gro(Comp(f/)) on Gri(Comp(C/)) 
is: 

{g, X, 1, z, w)A{{a, e, k), (1, /, I), (1, m)) = {g, x) • ((a, e, fc), (9(a), e)"^ • (1, z, w) (1, /, (1, z, w)~^ , 
((1, z, i.)(l, /, /)-') (1, {5(fc)-ie-ia-i, <5(w;)-iz-i})-i(l, {z5{w), {aeS{k)f 5(1))- d{z) > m)) 

= i9,x) • (^(a,e, fc),(a(a),e)-^ • (l,z,u;) (l,/,0 (l,2:,-u;)-\ 
(l,(z(5(u;ri)/-^)i>' ({(aeJ(fc))~\<5(w)-iz-i}-i) {z5(«;), (ae5(fc)/5(/))-i} a(z)i>m)) (79) 
To complete the construction of the pre-crossed module Comp(^), note that the boundary map 

Gri(eomp(a)) = {EK4EK^,L))K4{{l}K4EK^,L)K,,{{l}K,iL)) ^ {Gk^E)k.{{1}k4Ek^,L)) = Gro(eomp(g;)) 
is: 

/?'((«, e, fc), (1, /, 0, (1, m)) = (9(a), e,l,/,0. (80) 

The restrictions of the projection maps Ptq'^ ,Prj^ : CP,(J'»(C?)) 5',((7) to Comp{Q) are (respec- 
tively) : 

9(0,6, fc,l,/,;,l,TO) = (a,e,fc), r{g,x,l,e,k) = {g,x), (81) 

g'(a, e, fc, 1, /, /, 1, m) = (a, e/, (/~^ >' fc)/™) , r'(g, x,l,e,k) = {g, xe). (82) 

On the other hand the restrictions of J'»(Prj ) and CP, (PrQ ) to Comp(C/) and arc given by, respectively: 

u{a, e, k, 1, /, 1, 1, m) = {ae6{k), fS{l), m), w(g, x, 1, e, fc) = (gd(x), eS{k)), (83) 

u'(a,e, fc,l, /,/,!, m) = (a, 1,1), ?;'(g, x, 1, e, fc) = (5, 1). (84) 

Remark 20 A succinct construction of the composer pre-crossed module is by defining it as being the un- 
derlying pre-crossed module of the 2-crossed module given by the limit of the pull-back diagram: 

y*iy*{G)) (85) 
g — -^y*ig) 
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2.5.2 Some more particular group morphisms 

Note that, in E tK^ (E ^k^i L), hy using ([ST|) : 

{l,z,w) (1,/,/) {l,z,w)-' ^P{l,z,w).ilJJ) 

= {[3(1, z, w) . (1, /, /)) (1, 1, {zd{w), ifSil))-'}-'). 
We thus have the foUowing particular case of the hfted action A, sec (1791) . which wih be crucial later: 

{g,x,l,z,w)A{il,l,l),ilJ,l),{l,m)) = 
((1, 1, 1), {g, xz) . (1, /, I) (1, 1, {gd{x)) > {zSiw), (fSH))-'}-'), (1, > i{zS{w), ifS{l))-'} d{z) t> m)) . 

In particular, the following subgroup Gri(Comp(Cy) of Gri(Conip(C/)): 

Gri(eomp(g) = ({1} ({1} Kt.. {1})) K, (({1} (E k^, L) k., ({1} K^d i)) C Gri(eonip(g) 
is closed under the action A of Gro{Gonvp{Q)) on Gri(Conip(C7)). We can also sec that: 

(g, X, 1, 1, 1)A((1, 1, 1), (1, /, 0, (1, m)) = ((1, 1, 1), (g, x) • (1, /, /), (1, {gd{x)) > m) 

(86) 

= ((l,l,l),(g,a;).(l,/,0,(.9,x).(l,m)), 

as it should, by definition of the lifted action of a 2-crossed module. 

We therefore have a morphism of (G IX|> E) k, ({1} {E K[>/ L)) = Gro(eomp(Cy))-niodules (for the 
actions A and |, respectively), namely: 

((1,1,1),(1,/,/),(1,to)) e Gri(eomp(a)) C Gri(eomp(a)) ^ (1,/,M £ {!}><,(£; k^, L) C Gri(J',(g)), 

where (g, x, 1, z, w)|(l, /, Z) = (g, xz) • (1,/,/) = r'((7, cc, 1, z, w) • (1,/, Z), which actually is induced by the 
pre-crossed module map of (|82p . Also there is a Gro(Comp(C?))-module morphism for the actions A and @, 
where: 

((1, 1, 1), (1, /, 0, (1, m)) e Gri(eomp(g)) C Gri(eomp(e)) ^ (1, /5(0, m) G ({l}K,(i;K^.i)) C Gri(T,(a)), 

and the action @ has the form: 

(g, X, 1, z, /, fc) = igd{x), zSiw)) • (1, /, k) = ^(g, z, 1, z, w) • (1, /, k). 

(This can be shown directly or by using the 2-crossed module morphism of ([53]).) 

The 2-crossed module maps Prf*(^\?,(Prf): T'.CJ'^ig)) ^ T^iG) ofgHlgive us two group morphisms 
(see 11X31): 

Gro(eomp(e)) Ka Gri(eomp(g)) ^ Gro(5',(a)) Gri(T,(g)). 
These restrict to groups maps: 

Gro(eomp(g)) xa Gri(eomp(a)) ^ Gro(T*(a)) x. Gri(a'4a)), 
factoring through Gro(eomp(a)) C Gro(a'4a)) k. GriiV^G)), as maps: 

((G E) X. ({1} (i; K^, L))) K A (({1} ({1} {1})) (({1} (i; K^- L) K., ({1} Kad L))) 

^ (G E) K. ({1} {E K^, L)) = Gro(eomp(^)) C Gto{74G)) x. Gri(T,(g)). 
They have the form (respectively): 

{{g, X, 1, z, u)), (1, 1, 1, 1, /, 1, 1, m)) (.9, xz, 1, /, Im), (87) 

((g, X, 1, z, «;), (1, 1, 1, 1, /, 1, 1, m)) ^ (g9(a;), z<5(«;), 1, /<5(/), m). (88) 

We can prove directly that these are group morphisms, by the calculations above. We also clearly have an 
additional group morphism Gro(Comp((7)) Ka Gri(Comp(Cy)) Gro(Comp(^7)) namely: 

{{g, x,l,z, w), (1, 1, 1, 1, /, /, 1, to)) ^ {g, x, 1, z, w), (89) 

These group morphisms will have a prime importance later, for instance in proving that the concatenation 
of homotopies is associative. 

We note that Gro(Comp(t/)) Xa Gri(Comp(C7)) can be seen as being the underlying group of the tetra- 
hedron space 2-crossed module of Q. The previous three morphisms of course denote restrictions to three of 
the faces of the tetrahedron. The restriction to the fourth face is the morphism in (|108|) . 
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2.5.3 Two embeddings of the composer pre-crossed module 

Despite its apparently complicated definition, the composer pre-crossed module is very simple to deal with 
given that it is included in the direct product of much simpler pre-crossed modules. For the definition of 
V ~ '7eomp(e;) see example O Recall that we have a pre-crossed module ri{Comp{Q)) = (Gro(Comp(^?)) — > 
Gro(Comp(fJ))) , given by the identity map Gro(Comp(5)) — > Gro(Comp(5)) and the adjoint action, as well 
as a pre-crossed module map rj = (/3',id): Gomp{Q) i]{Gomp{Q)). Recall that /3' denotes the boundary 
map in Comp(C/), equation ([50)1 . 

Lemma 21 Let Q be a 2-crossed module. The pre-crossed module map (77, Prg *'"^', J'*(Pr^)) : Comp(^/) 
77(Comp(^?)) X X 'J'^{Q) is injective, and therefore, given another pre-crossed module Q' ^ [d: E' ^ 

G' , t>), a pair {Y, X) of (set) maps (Y, X) : Q' — > Comp(^/), such that /3' oY ~ X o d, is a pre-crossed module 
map if, and only if, so is (77, Prg ''^^ CP*(Pr^)) o (Y,X). 

Proof. Easy calculations. ■ 
Analogously: 

Lemma 22 The pre-crossed module map (r?, Pr^ **^', Prf *'^^) : eomp(5) ?7(eomp(a)) x y^{g) x T^g) 
is injective, and therefore, given another pre-crossed module Q' ~ {d: E' — !• G' ,\>) a pair {Y,X) of (set) 
maps {Y,X): Q' Comp(C/), such that l3' oY ~ X o d, is a pre-crossed module map if, and only if, so is 
(,,Pr,^'(^),Pr^(«))o(r,X). 

In particular, given that 77 = (/3',id) it follows that (one more case is included): 

Lemma 23 Let Q be a 2-crossed module. Given a pre-crossed module Q' , a set-wise chain-map f : Q' ^ 
Comp(t/) is a pre-crossed module map if, and only if, its underlying map on groups Gt:^{Q') — > Gro(Comp(t/)) 
is a group morphism and, moreover, the composition of f with two elements of the set {Ptq ' , Pr^^ * , T*(Prj')} 
defines a pre-crossed module map Q' — > J'*(f/). 

3 Pointed homotopy of 2-crossed module maps 

3.1 Quadratic derivations and 1-fold homotopy of 2-crossed modules 

Suppose we have two pre-crossed modules {E G,>) and (£" G',>). 

Definition 24 Let (j): G G' be a group morphism. A <))- derivation s: G ^ E' is a set map such that, for 
each g,h G G, we have: 

sigh) = <t>{hr' > <9) sih). 
Note that if s : G — > i?' is a derivation then: 

s{Ig) = Ie' and s{g-') = (t>{g) > s{g)-\ (90) 

Remark 25 By looking at remark \12l (p-derivations ar^ in one-to-one correspondence with group maps 
G ^ G' E' , where g {(j}{g), s{g)). In particular if G is free, a (j) derivation s: G ^ E' can be specified 
(and uniquely) by its value on a free basis ofG. We will very frequently use this line of thinking. 

Let 

A = (l As Ag,>,{,}) and^'= (l' A^;' Ag',>,{,}) 

be 2-crossed modules. Let also f = (j)) : A ^ A' be a 2-crossed module morphism. 

Definition 26 A pair {s,t) of maps s: G ^ E' and t: E ^ L' will be called a quadratic f -derivation: if s 
and t satisfy, for each g,h £ G and a,b G E: 

s{gh)^{q^ih)-'t>s{g))s{h), (91) 
t{ab) = (^(&)((s o d)){b))-' >' ({^(&), 0(3(6)-!) ^ s{d{a))-'} t{a)) t{b), (92) 

^This was pointed out to us by Ronnie Brown. 
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or alternatively, (jl2p ; 

t{ab)^{{sod){b))-\' [{iib)-\s{dia))-'y' m-'>'t{a)) t{b), (93) 
and also (for each g G G and a £ E): 

tig > a) = m > (s(5)s(9(a))-i >' {^(a)-\ 

'^(g)>{s(g),s(a(a))-V(«)-'}(0(5)(aos)(.9))t>t(a). (94) 

Lemma 27 (Pointed homotopy of 2-crossed module maps) In the condition of the previous defini- 
tion, if (s, t) is a quadratic f -derivation, and if we define: /' = {fi' , tp' , (j)') : A ~> A' as: 

li'{l) = ^i{l) (t o S){1), where I G L (95) 
ij'{a) = i'{a) {{s o d)){a) (S o t)(a), w/iere aGE (96) 
•/-'(ff) = 0(5) {d o s)(,9), »/iere .9 e G (97) 

then f a morphism of 2-crossed modules A ^ A' . In this case we put: 

f^r 

and say that (/, s,t) is a (1-fold) homotopy connecting f and f. 

This can proved by using the following lemma, which has an immediate proof, and noting that /' = Pr^ o H 
and also / = Pr;^ o H; see theorem [T71 

Lemma 28 Given a 2-crossed module morphism f ~ (fi^t/j, (/)) : A A', the pair of maps t: E ^ L' and 
s: G ^ E' is a quadratic f -derivation if, and only if H = (is, 12,^1) ■ A — !• J'*(^') is a 2-crossed module 
morphism, where 

leL>% (/i(/), t o S{l)) e L' txad L' 

aeE>% {^lj{a),{sod){a),t{a)) G E' {E' tx^, L') 
geG>^ {c^{g),s{g)) gG' K,E'. 
Also, H = (j3,«2,*i) 'is a 2-crossed module map if, and only if, (12, ii) is a pre-crossed module map. 

Proof. Conditions (pij) . ([M]) express exactly that {12, ii) is a pre-crossed module morphism. That H 

defines a morphism of complexes A — > J'*(^'), which is equivariant with respect to the actions of G and 
G' >^[> £", if and only if, (t, s) is a quadratic /- derivation follows from the explicit construction of 'J'^,{A'). We 
now need to prove that H always preserves the Peiffer lifting, which follows immediately from the equation: 

t{{a,b)) ^ {iP{a),ij{b)y\ij{a) s{d{a)) S{t{a)),ij{b) s{d{b)) S{t{b))} , for each a, & G ^. (98) 
This equation was proven in |21| . ■ 

Remark 29 Note that if {s,t) is a quadratic f derivation, where f: A A! , connecting f and f , and if 
g: A' ^ A" is 2-crossed module map, then (g o s, g ot) is a quadratic (g o f)-derivation connecting g o f and 
go f. Analogously ifh: A'" A is a 2-crossed module map then [soh,toh) is a quadratic (f o h)- quadratic 
derivation connecting f o h and f o h. 

3.2 Quadratic 2-derivations and 2-fold homotopy of 2-crossed modules 

Let 

A= (l As Ag,>,{,}) and^'= (l' As' A G', >,{,}) 

be 2-crosscd modules. Let f — A ^ A' be a 2-crossed module morphism. Consider a quadratic 

/-derivation {s,t). Recall the construction of the disk space D^,{A') of A': 12.4.21 
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Definition 30 We say that a map k: G ^ L' is a quadratic (/, s,t) 2-derivation if for each g,h £ G: 

k{gh) - [s{hY^ >' {<p{h)-^ > fc(g))) k{h). (99) 

Lemma 31 The map k: G L' is a quadratic {f,s,t) 2-derivation if and only if g ^ {4>{g), s{g), k(g)) is 
a group morphism G ^ (G tK^ E) tK, L = Gro(2)*(^')). In particular fc(lG) = Ik and for each g e G: 

k{g-')^ct>{g)>{s{9)>'k{gr')- 

Moreover if g,h,i G G: 

kig-'M) = E<^^^-^'''\g,h,t), 

where we have defined: 

E(^^-^'''\g,h,t)^s{t)-'>' [cf,{t)-^>[s{h)-^>' {{cf,{h-')^^^^^ kih))) k{i). (100) 

Proof. The first assertion is immediate from remark[T^and tlie construction of the disk space, more precisely 
Also: 

k{g~^hi) = s{i)~^ >' {4>{i)~^ \> {s{h)-^ >' ((j){h)~^ > fc(.9~^)) K^))) Hi) 

= sii)-' >' (<^(z)-i > {s{h)-' >' m-'g) > {s{g) >' k{g)-')) k{h))) fc(z) 

■ 

Lemma 32 The set map k: G ^ L' is a quadratic {f,s,t) 2-derivation if, and only if, the map = 
(j3,i2,ji), where: 

ilia) = i'P{9),s{g),k{g)) 

J2(e)= (V;(e),((soa))(e),t(e),(fcoa)(e)) 

Ml) = {l,itodil)) 

is a 2-crossed module morphism from A into Ti^,{A'). 

Proof. We already know by lemma [28] that, forgetting the last component of ji and j2, we have a 2- 
crossed module map A — > J'»(.4'). Given the form of D^(A') we clearly get a morphism of group complexes 
A — > 'Df{A'), which is compatible with the action of the first groups of the complexes on the remaining. To 
prove this note the following calculation, and compare with (|69p . (ffO)) . ([M]) and ([7T|) : 

k{d{g > e)) = k{gd{e)g-') = (^(5) > s{g)) >' (0(.g) > k{gd{e))) cp{g) t> {s{g) >' k{g)-^) 

= H9)>{<9)>' {H9d{e)) %)-!)) 

= 0(5) > is{g) >' ((s(9(e))-i >' {me)r' > k{g))) k{d{e)) k{g)-') ). 

We now need to prove that preserves the PeifFer lifting. This follows from lemma [28] and the form of 
the Peiffer hfting on T)^{A') and y^{A'), see ^ and ■ 

Therefore, looking at the maps {p,q,r), {p',q',r'): D^{A') T*(^') of ^ and (O, lemma and the 
previous one, given a quadratic (/, s, t) 2-derivation k then s' : G — !■ E' and t! : E ^ L' , defined as: 

s'i9) = s{g)iSok)ig) 

t\e)^{kod){e)-^ t{e) ^ ' 

yield a quadratic /-derivation (s',i'), and in this case we put: 

(/,.,t)^^^ (/,.',*'). 
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It is not difficult to prove directly that {s',t') is an /-derivation. For example (^5)) follows from (in the third 
equality we use S{z) >' w = zwz^^ and in the last equation (jl7p ): 

t'{ah) ^ k{d{a)d{b))-^ t{ab) 

= k{d{b))-^ {s{d{b))-^ >' imb))-' > k{d{a)))) ((s o >' s(5(a))-i}"' ) 

[im isodm)-\'tia)) m 

= k{d{b))-^ s{d{b))-'>' [{mb))-'^Hd{a)))-' {m-\s{d{a))-^}-') ((V(6) {s o d){b)y\' t{a)) t{b) 
= s'{d{b))-' >' [imb))-' >Hd{a)))-' {m~\<d{a))-'y') ((^(6) {s' o d){b)y\' t{a)) t'{b) 

= s'{d{b))-^ >' (imb))-' > k{d{a))y' yj{by\<d{a)y'y' m^' >' t'{b) 
= s'{d{b)y^>' (^{m-\s'{d{a)y^y' vw^'o'^'w) t'{b). 

Remark 33 Note that if f f then we also have f ^'^'^ '* \ /'. 

Definition 34 We say that the quadratic /-derivations (s,t) and (s',t') are 2-fold homotopic if there exists 

(f.s.t.k) 

a quadratic {f,s,t) 2-derivation such that {f,s,t) — — - — > {f,s',t'). The quadruple {f,s,t,k) will be called a 
2-fold homotopy connecting {f,s,t) and {f,s',t'). 

Remark 35 Looking at the definition of the composer pre-crossed module in subsection \2.5\ an {f,s,t) 
2-derivation is a map k — >■ L' such that g i— >■ (^if){g),s{g),l,S{k(g)),k{gy^^ is a group morphism G — >■ 
(G' Kj> E') x. ({1} [E' K^./ L')) = Gro(eomp(^'))- This follows from (We have put f ^ (/)).) 

3.3 A groupoid of 2-crossed module maps and their homotopies (in the free up 
to order one case) 

In this subsection, let us fix two 2-crossed modules: 

A' = (l' As' A F, >,{,}) and^= (l Ai; Ag,>,{,}). 

Suppose also that F is a free group, with a chosen (free) basis B C F. Let us define a groupoid [A' , A]f , with 
objects the 2-crossed module maps A' A and morphisms their homotopies. This will explicitly depend on 
the chosen basis B of F. We will freely use the notation of subsections 12.31 [231 and [3TT] 

3.3.1 Concatenating homotopies in the free up to order one case 

Consider homotopies of 2-crossed module maps A' A: 

f = (a., ^, 0) /' = (a.', V', </>') and </)') ^^^^ /" = (/x", y\ r) 

(where f,f',f": A' -i' A). Let us define their concatenation: 

/=(M,^,0)^^^^^/" = (/.",^",<^"). 

The derivation (s(g)s') : F ^ E is the unique (/(-derivation (see definition [Ml and remarkj^Sj) which on the 
chosen basis B oi F has the form 

be B^ {s(x)s'){b) s{b)s'{b) e E. 

There is another piece of information that we will use, namely a set map w''*''* ^ : F ^ L, measuring the 
difference (for each g G F) between s{g)s'{g) and (s ® s'){g); this difference is null in a crossed module. 
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Recall the construction of the composer pre-crossed module [^31 Given that F is free, there exists a unique 
group map X : F — > (G K|> k, ({1} (E k^' L)) = Gro(Comp(^)), say: 

ff^(</>(g),s(5),l,C(ff),c.(^'^')(3)) 
which on the chosen basis B oi F takes the form: 

(We will usually abbreviate lo = w^*'* \) In particular, by composing with the group map 

r': (G K^E) k. ({1} k, {E k^, L)) = Gro(eomp(^)) ^ G £; = Gro(T,(^)) 
in ([82]): (thus r'((/, x, 1, e, fc) = (g, xe)) gives a group morphism F ^ G tK^^ E, with 

5^(0(.9),s(5)C(ff)) 

for each g in i^. The value of this morphism on generators of F is 6 i— {(j){b), s{b)s' (b)). In particular (by 
remark it follows that for each g G F: 

{s®s'){g)^s{g)C{g). (102) 

On the other hand, wc have another group map v: [G k^. E) k, ({1} k» [E iX[>/ L)) ~ Gro(Comp(^)) 
G t<^ E ~ Gro(J'*(^)) (sec and ([53])), where ^(5, x, 1, e, fc) = (^^(x), e(5(fc)). By composing the map 
X : F ~¥ (G Xc> E) K, ({1} (F K[>/ L)) with u, gives a group map F — >• G F, of the form g n> 
{(p' {g)X{g)5{uj{g)), which on generators is & 1— (0'(6), s'(6)), having therefore the form (by remark E5)) 
g ^ F ^ {(j)' (g) , s' (g)) . In particular it follows that ({g)5{uj{g)) = s'{g), or 

s(5)C(ff)<5(w(ff)) = s(ff)s'(5), for each g€F (103) 

We have proven: 

Lemma 36 There exists a unique group morphism X : F (GiX[>F)K,({l}K*(iJK^/i)) ~ Gro(Comp(^)) 
with 

g ^ {^{g),s{g),l,s\g)d{J^^^'H9))-\c.^'^''\g)), 

for each g in F, such that uj(b) = 1 on the free generators b E B of F. In particular by (jl02p and (jl03p 

(s®s')(5) = s(ff) s'ig) S{Lu'^-''''\g))-\ for each geF (104) 

Remark 37 Clearly 
For each b Cz B we have 

w(^^^')(6) = 1l. 

Also, by remark \T^ and equation (|76p ; 

uj^'^''\gh) = co<^^'^'\h) s'{h)-' >' (^(/i)-! {m > sih)-\S{Lo<^^'^'\g))s'igr'} ^' (h)-' > LO^^^^'\g)) 
and 

co^'^'Hg-') = m > {sig),s'ig){cu<'^^^'Hg))-'} 4>'{g) > {s'ig) >' (J^-^'Hg))-') . 
In particular, ifb,b',b" are free generators of F : 

c^(^.^')(6fo') = s'ib')-' >' {{s{bT\m-' > s'{b)-'}), 
J^'^'\b-')^m>Hb),s'ib)}, 

and 

J'^^'^b-^b'b") 
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= uj^''''Hb'b") s'ib'b")-' >' {<i>ib'b")-' > {Hb'b") > s{b'b")-\SiJ'-''\b-'))s'{b-Y^} <P'{b'b")-^ > uj^''''\b-^)^ 

= s'{b")-'>'{{s{h"r\^{h")-'>s{br'}) 

s'{b'b")-^ >' (4>{b'b")~^ > {^{b'b")> s{b'b")~\5{u:^'^''\b-^))s' {b~^)~^) ^'{b'b")-^>J'^''^{b-^)^ 

^s'ib")-'>'{{sib"r\Hb"r'>s'ibr'}) 

s'{b'b")-^ t>' ((l){b'b"y^ > {c^{b'b") > s{b'b")-^ ,5{uj'^'^''\b-^))s' [b-^^y^] {c^'{b'b")-^(j){b)) > {s(6), s'(6)}) 

s'ib'b")-' >' [Hb'b")-^ {(f>{b'b") t> s{b'b")-\(l){b) > (s(6) s'{b) s(b)-') } {(l)'{b'b")-'^{b)) t> {s(6), s'(6)}) 
= s'(6")-i>'(K6")-\<^(6")-'>«'(6')-'}) 

>' {Hb'b")~\ m'b'T'm) > {s{b) s'{b) } {4>'{b'b"r'm) > {^(6), «'(&)}) • 

Thus: 

uj^''''\b~h'b") = e'^''''\b,b',b"), 

where by definition: 

e(^'^''(&, b', b") = s'{b")-^ >' > 

> s'{b")y^ >' [{{4>{b"r' > <b")y\ {^{b'b'r'm) > (^w .^'w s{b)-')} 

{cp'{b'b"r'm)>Mb),s'{b)}). (105) 

Wc now define (t^f) : E' ^ L. Put a; = w^^^^'). For e G £" put: 

{tm'){e) = {{cJod){e)) {s'{d{e)r't>'t{e)) t'{e) = {u^^^^'\d{e))) {s' {d{e))-' >' t{e)) t'{e). 

The complicated bit is to prove that {s®s' ,t®t') is indeed a quadratic (/x, -0, (/))-derivation. Let us see how 
this can be proven: Looking again at the construction of the composer pre-crossed module (subsection 12. 5p . 
consider the set map: 

Y:E'^{Ek, {E k^, L)) (({1} {E k^, L) k., ({1} Kad L)) = Gri(eomp(^)), 

definition [31 of the form: 

e^(V'(e),s(a(e)),t(e),l,s'(a(e))<5(c.(a(e)))-i,c.(9(e)),l,t'(e)). 

Note that l3' oY = X o d, where /3: Gri(eomp(^)) ^ Gro(eomp(^)) is the boundary map, ([501). Let us 
prove that we have a pre-crossed module map {Y, X) : (3: £" — >■ F) — > Comp(^). This done by using lemma 
[?n in the form of lemma [231 The composition of {Y,X) with Prg*^'^-' is: 

geF^ (0(.9),s(g)) e Gro{VM)) and e e E' ^ {i^{e), s{d{e)),t{e)) G Gniy^A)), 

a pre-crossed module map by lemma [28l the composition of (Y, X) with CP, (Pr'j^) is: 

geF^ e Gro(5'*(^)) and e e E' ^ {^/{e), s' {d{e)),t' {e)) e Gri(J',(^)), 

again a pre-crossed module map by lemma \^E[ the underlying map F — s> Gro(Comp(^)) is 

g i<Pig),s{g),l,s'ig)d{coig)r\u;ig)) 

and X is a group morphism, by lemma [36l 

By composing (F, X) with the pre-crossed module map PrJ''^-^) of (|82p . yields a pre-crossed module map 
(y,X') from (iJ' ^> F) to the underlying pre-crossed module of CP, (^). This has the form: 

g ^ {4>{g),s{g)s'{g)S{cj{g)r^) = (0(.9), (s®,s')(.g)) 

eX^{i^{e),s{d{e))s'{d{e))S{u{d{e))r\u{d{e)) {s' {d{e))-' >' t{e)) t'{e)) 
= (V(e),(s0s')(9(e)),w(a(e)) (s'(a(e))-i >' t(e)) t'(e)). 
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(We have used the fact that {S: L ^ E,>') is a crossed module, thus S{k) >' I = klk ^.) By lemma it 
follows the fundamental result that ((s®s'), ^ (/i, ■0: 0)-quadratic derivation. Moreover: 

Lemma 38 Consider homotopies of 2-crossed module maps 

f = (m, V, /' = (a^', V-', 0') «nd (m', V-', 0') ^^^^ /" = (a^", V-", 0")- 

T/ien the {iJ,,ip,(p)- quadratic derivation ((s®s'), (tCEJi')) connects f and f" . 

Proof. Let / = (/i, 0, 0) be the 2-crosscd module morphism defined from / and the quadratic derivation 
{s®s' ,t®t')\ lemma [27l We must prove that / = /". Let be a free generator of F. Then 

0(6) = 0(6) d{s®s'{h)) = 4>{h) d{s{h) s'{h)) = 0(6) d{s{b)) d{s'{b))) = cp'{b) d{s'{h)) = 4>"{b). 

In particular it follows that 0(5) = 4)"{g), for each g € F. 

Given e £ £" we have (we use p04l) ') and the rule S{e >' k) — e6{k)e^^, for each e ^ E and k ^ L: 

4,{e) = ip{e) {s®s'){d{e)) 6{{t®t'){e)) 

= V(e) s{d{e)) s'idie)) 6{uid{e)))-' d[{{u o d)ie)) (s'idie))-' >' tie)) t'(e)) 
= ^{e) s{d{e)) 6it{e)) s'{d{e)) 6{t'{e)) = ^'(e) s'id{e)) 6{t'{e)) = i,"{e). 
Finally, given k G L' we have (since d o S{k) = 1 for each k G L:) 

fl{k) = fi{k) {t®t'){S{k)) = fi{k)t{S{k))t'{d{k)) = fi"{k). 
Note s'(1_f) = 1e and w(1f) = 1l- ■ 

3.3.2 The concatenation of homotopies is associative (in the free up to order 1 case) 

We freely use the notation of subscction l2.51 and we resume the notation and context of l3.3.1l The notation 
of 12.5.21 will be particularly important. 

Proposition 39 The concatenation of homotopies is associative. 
Proof. Choose a chain of homotopies of 2-crossed module maps A' A: 

f = (a^ i', 0) ^ /' = (m', 0') /" = (m", i'", 0") '^"''"""^ f" - (m'", V-'", 0'")- 

It is immediate that (s(X)s')®s" = s®(s'(E)s") since this is true in a free basis of F. 
Let us now see that {t®t')®t" = t®{t'®t"). Put, for each e G E': 

{t ® t'){e) = ((w(-^'^') o a)(e)) (s'(a(e))-i >' t(e)) t'(e), 
(<'«)t")(e) = ((cj(-^'^^") oc))(e)) (s"(a(e))-i >' t'(e)) t"(e), 

(t®(t'®i")) (e) = (w(«^«'®-^") o a)(e) (s'®s")(a(e))-i >' t{e) {{uj^''^''"^ o a)(e)) (s"(<9(e))-i >' t'(e)) t"(e) 
= (w(^^«'®-^") oa)(e) w("''"")(9(e)) (.s'(a(e)s"(9(e))-i >' t(e) (s"(a(e))-i >' t'(e)) t"(e), 

((m')«>i") (e) = (w(^®^'-^") o a)(e) s"(a(e))-i t>' (((w^^-^') o a)(e)) {s' {d{e)y^ >' t(e)) t'(e)) t"(e). 
To prove associativity, we therefore need to prove that for each e G i?': 

J-''^^")[d(e))=J-'®''''"\d{e)) s"{d{e))-^i>' J-'^''\d{e)). 
We will prove that for each g G F we have: 

(s"(g)-i>'c.(-^'^')(.9)) uj^^'^^"\gr\ (106) 
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(It is a nice exercise to prove that this is coherent with (|104p .) To prove (|106p . consider the unique group 
map: 

W: F^dGx^ E) K. ({1} {E tx^, L))) ka ({1} ({1} k^, {!}) k, (({1} {E tK^, L) k., ({1} Kad L)) 
= Gro(eomp(^)) Ka Gri(eomp(^)) 

(107) 

(note that latter is a subgroup of Gro(Comp(Comp(^)))), which on the (chosen) free basis B oi F is: 

W{b) = (0(6), s(6), 1, s'{b), 1, 1, 1, 1, 1, s"{b), 1, 1, 1). 

By using the morphisms in ([55]) . (|87p and ([BS]) and also lemma [551 of 1 3 . 3 . T] we have that, for each g G F (by 
looking at the value of the compositions of these morphisms with W, in the chosen free basis of F): 



s"ig)S{J^^^''^"\g)-'),J^^^'^^"\g) {u'^^' '^"\g)y\l,u;^^' '^"\g)) . 

In particular by composing with the group map below (derived from (j60p in the context of the composer 
pre-crossed module): 



{g,e, !,/,?, 1, 1, 1, l,x, fc, l,m) e Gro(eomp(^)) Ka Gri(eomp(^)) C Gro(eomp(^)) Ka Gri(eomp(^)) 

^ (.g,e,l,/,/) /3'(l,l,l,l,x,fc,l,m) 
= (g,e,l,/,0(l,l,l,x,fc) 

= {g,e,l,fx,x-^>' I k) e (G E) x. ({1} x, (E x^, L)) = Gro(eomp(^)), 

(108) 

yields a group map 

Z:F^{Gk^E)x, ({1} (£: x^, L)) = Gro(eomp(^)), (109) 
which on the free generators b <E B C F has the value: 

Z(6) = (0(6),s(6),l,s'(6)s"(6),l), 

and whose general value (for each g € F) is: 

Z{g) = {c^{g),s{g),l,s\g)S{cj^-^'-^'\g))-\s''{b)S{L.^-^^^''^^^^^ {s" {g)-'>'u;^^'^'\g)) u^-^' -^"Hg)-') . 

On the other hand on generators b <E B wc also have: 

Z{b) = {c^{b),s{b),l,{s'®s"){b)A), 
thus (by using lemma [36] again) for each g £ F: 

Z(g) = (</>(g),s(.g),l,(s'S5s")(.9)<5(c^<^'^'®^"»(ff))-\w^^'^'®^"H5)), 
from which we have w("'^'®^")(g) = cj(^®^'''*") (5) s"(g)-i >' a;(*^"') (5) w("''^")(g)-i, for each 5 e F. ■ 

3.3.3 Existence of units 

Consider a homotopy between 2-crossed module maps: 

/ = (a.,^,0)^^/' = (a.',^',0')- 

Let (sQjig) be the trivial quadratic /-derivation, i.e. such that Sq(5) = 1 for each g £ F and io(e) = 1, for 
each e e E'. 
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Lemma 40 We have that 

uj^^o (^g^ = 1 andu;^*''*" \g) = 1, for each g e F. 
Proof. Consider the unique group map 

X': F^{G K^E) K. ({1} {E k^, L)) = Gro(eomp(^)), 
of lemma [551 with, for each free generator b E B C F: 

X'(6) = (</)(6),s^(6),l,s(6),l). 

Thus for each g & F: 

X'{g) = (<^(g), 50^(3), l,s(g)<5(..(^o,^)(g))-i,^(^o^^)(g)). 

Since g E F {4>{9): li Ij •^(3)1 1) £ Gro(Comp(^)) is also a group morphism, by and remark!^ which 
extends the value of X' in B, it follows in particular that [g) = 1 for each g E F. 

Similarly, consider the map X : — > (G Kt> iJ) k, ({1} k, {E k^/ L)) of lemma [551 with s' = Sq . On free 
generators = ■s(^), I7 Ij !)• Since we have a group morphism with g £ F 1-^ {4'{9): ^{9)1 li I7 1) S 

Gro(Comp(^)), there follows that X{g) = {(f){g), s{g), 1,1,1). In particular u^^-'^o )(^g) — for each g £ F. 
■ 

It therefore follows that (s,i)(E)(sQ ,iQ ) = and that (sq , )(8)(s, t) = (s,i). 
3.3.4 Inverting homotopies in the free up to order one case 

We freely use the notation of subsection l2.5l As before, the notation of l2. 5.21 will be particularly important. 

L' ^ E' F,t>,{,}\ A = ( L — !> i? — > G, >, {, } j be 2-crossed module maps. Consider 
a 2-crossed module homotopy: 

Let us define its inverse: 

/' = (Ai',V'','^')^^/ = (M,V',</'). 
The derivation s: F ^ E is the unique (/)'-derivation which on the chosen basis B oi F takes the form: 

We clearly have {s^s){g) = 1 for each g in F, for this is true in a free basis of F, remark [^ Looking at 
equation (|104p . for each g G F we thus have 

Hg) = {s{g))-'S{u;(^-^^). (110) 

Lemma 41 For each g £ F we have Lij^'^''^\g) — s{g)~^ >' ij^'^'''\g). 
Proof. Consider the map: 

1^: G ^ ((G E) K. ({1} (E K^, L))) Ka ({1} ({1} K^, {1}) (({1} {E K^- L) K., ({1} Kad i)) 

= Gro(eomp(^)) ka Gri(eomp(^)) 
in equation (|107p . for s' ~ s and s" ~ s. Then, since {s<E)s)(g) — 1, for each g £ F, and lemma l40l 

W{g) = (0(5), l,s(g)-\a.(^^^)(g), 1, 1, 1, 1, s{g), {io^^^^Hg))-\l,io(^-\g)) . 

By composing with the group map of (|108p . gives a group morphism: 

geFA {cf,{g), s{g), 1, 1, {s{g)-^ >' co^^'^Hg)) co^''''\g)-') £ (G k, i?) k. ({1} k, {E k,, L)), 
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which on the chosen basis B of F has the form: 

b ^ {cl){b), s{b), 1, 1, 1) e (G Kc. E) K. ({1} {E K^, L)). 

Since the map: 

g€F^ ((/.(g), s(<7), 1, 1, 1) e (G i;) k. ({1} (i; k^- L)) 
is a group morphism extending it follows that A{g) ~ {<ti{g), sig), 1, 1, 1), thus: 

for each g G F. 
■ 

We now define t: E' ~^ L. For an e G i?', put: 

tie) = (cj(^-^)(a(e)))"' (sa(e)) >' t(e)-i. (Ill) 



Lemma 42 The pair {s,t) is an f -quadratic derivation. 

Proof. Consider the group map flemma[36| M : F ^ [G K|>i?) k, ({1} k^{E k>' L)) = Gro(Comp(^)) such 
that 

g^{m.<9)X-s{g)5{u^^'~'\g))-\io^''^\g)) = {m,<9)X{s{g))-\^^'~'\g))- 

Consider also the set map N : E' ^ {E \x.t{E k^/ L)) (({1} (_E k^/ L) k,/ ({1} Kadi)) = Gri(eomp(^)) 
of the form: 

e ^ (^(e),s(9(e)),t(e), 1, (s(a(e)))-\ c.*^'^) (5(e)), 1, (c.(^'^)(9(e)))-' {s{d{e)) >' i(e)"i). 

Let us see that is a group morphism and also that (A^, M) is a pre-crossed module map [d: £" — > F, >) ^> 
eomp(yl). We will use lemma First note that /?' o TV = M o 9. The composition of (iV, M) with Pr^ *'"^^ 
is, by equation ((8T|) : 

.geF^ ((/)(,g),s(5)) GGro(y4^)) and e e F' ^ (V'(e), s(a(e)), i(e)) G Gri(y4^)) 

a pre-crossed module map by lemma [211 The composition of (A^, M) with PrJ'*'-'^-' is, by equation (|82p : 

<7 e F (0(5), 1) e Gro(T*(^)) and e e E' ^ (i/;(e), 1, l) e Gri(T4^)) 

again pre-crossed module map by lemma 1281 corresponding to the trivial quadratic derivation. 

Therefore (iV, M) is a pre-crossed module map. By composing {N, M) with the pre-crossed module map 
J'*(Pr^) from Comp(^) to the underlying crossed module of J'*(^) (see ([55)) ). yields a pre-crossed module 
map from (9: F' — > -F, >) to the underlying pre-crossed module of y^{A), which has the form: 

e^E'^ (i,{e) s{d{e)) 5{t{e)), (s(a(e)))-M(c.(^'^)(a(e))), w(^'^)(9(e)))'' {sd{e)) >' t{e)-') 
= (0'(e),s(a(e)),Z(e)) eGri(J'4^)) 

and 

geF^ {<j>ig)dis{g))X9)) = (0'(5),%)) e Gro(a'*(^)), 
hence (by lemma [28| it follows that {s,t) an /'-quadratic derivation. ■ 

Now note that obviously sdgis = Sq and s(E)s = Sg , since the same is true in a free basis of F. On the 
other hand (by plO)) ). if e e F': 

(i®t)(e) =c^(^'^)(a(e)) (s(a(e))-i>'t(e)) (w^'^'^' (9(e))) s(9(e)) >' i(e)-i) 

= w(*'^)(a(e)) ((5(w(^^^)(9(e)))-is(9(e)))>'t(e) (9(e))) s(a(e)) >' t(e)-i = 1, 

where we used the crossed module rule 6{k) >' I = klk^^. Also (we use (jllOp again): 

{m)ie) = uj^'''\d{e)) s-^{die))>'t{d{e)) t{e) 

= s{d{e))-^ >' J'-'Hdie)) {s{d{e)))-^ >' ((w^^^^^ (9(e))) (s(9(e)) >' i(e)-i) t{e) = 1. 

Thus we proved that (s,i) is an inverse of {s,t). 

We have therefore finished proving the main result of this subsection: 
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Theorem 43 Let A' = (^L' ^ E' ^ F, >, {, }^ and A = (^L E G,>, {,}^ be 2-crossed modules, where 

F is a free group, with a chosen basis B. We can define a groupoid [A',A]f of 2-crossed module maps 
A' A, and their homotopies. 

In the next subsection we will see that this construction can be expanded to be a 2-groupoid HOMb(^', A), 
by considering 2-fold homotopies between 2-crossed module homotopies. 

Corollary 44 Let A and A' be 2-crossed modules. If A! is free up to order one then homotopy between 
2-crossed module maps A' ^ A yields an equivalence relation. 

3.4 A 2-groupoid of 2-crossed module maps, their homotopies and 2-fold ho- 
motopies (in the free up to order one case) 

For the definition of a 2-groupoid see [22] . 

3.4.1 A groupoid of 2-crossed module homotopies and their 2-fold homotopies 

L' — > _E' — > G", t>, {, } ) and A = ( L —>£'—> G, [>,{,} ) be 2-crosscd modules. (In this subsub- 

section, only, we will not need to suppose that G" is a free group). Consider two 2-crossed module maps 
/, /': A' — >■ A. Let us define a groupoid [/,/'], with objects the homotopies {f,s,t) connecting / and /' 
(so the pair {s,t) is a quadratic /-derivation), the 2-morphisms being constructed from 2-fold homotopies 
(quadratic 2-dcrivations) k: G' L. For nomenclature and notation we refer to subsection 13.21 

The set of object of [/, /'] is the set of triples (/, s, t) where (s, t) is a quadratic /-derivation connecting 
/ and /'. The set of 1-morphisms (/, s, t) (/, s', t') is made out of quadruples (/, s, t, k), where k: G' ^ L 

is a quadratic (/, s, t) 2-derivation, such that (/, s, t) ' ' '\ (/, s', t'). If we have a chain of arrows: 

(/,,,i) (/,,',t') if:fZ^ if,s",t"), 

then their concatenation is given by the map fc o fc' ; G" — ?► L, such that: 

ikok'){g) = k{g)k'{g) 

for each g £ G' . 

Lemma 45 The map (kok'): G' ^ L is a quadratic (/, s,t) 2-derivation. 

Proof. By equations (|99p and 11011 and since {5: L E, >') is a crossed module, we have, for each g,h £ G': 
ikok')igh)^k{gh)k'{gh) 

= (^s{h)-^>' {(l){h)-^ > k{g))^ k{h) [s'{h)-^t>' (0(/t)-ic>fc'(.g))) k'{h) 

= (s(/i)-i>' ((/)(/i)-i>fc(.g))) k{h) [{5{k{h))-\s{h)-^)i>' {(t>{h)-^>k'{g))^ k'{h) 
= {s{h)-^ {(t){h)-^ t> k{g))^ {s{h)~^ {(t){hy^ i> k' [g))^ k{h)k'{h). 
= (s{h)-^ >' {(j){h)-^ >{ko fc')(5))) (fc o k'){h). 

■ 

Note that by equation (|10ip . it follows that 

[f,s,t) > (/,S ,t ). 

This concatenation of quadratic (/, s, t) 2-dcrivations is clearly associative and it has units; the quadratic 
(/, s, t)-derivation such that k{g) = ^L^g G G' . The fact we have a groupoid [/, /'] follows from the following 
lemma: 

Lemma 46 If (f,s,t) — ~ — > {f,s',t'), then the map k: G' ^ L such that k{g) = k{g)~^ for each g E G' 
is a quadratic {f,s',t') 2-derivation. 
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Proof. By equation ([M)) . and since {S: L ^ E, >') is a crossed module, we have, for each g, h E G': 

k{gh) = k{gh)-' = ({s{h)-^ >' (q^ih)-' > kig))) 

= ((<5(fc(/i))-^s(/i)-i)>' >%))))"' 

= {.s'{h)-'>' {^{h)-'>k{g)))k{h). 

■ 

Given two 2-crossed modules A' and ^ we have a groupoid [^',^]2, whose objects are arbitrary 2- 

crossed module homotopies / ' \ /', where /, /': A — > A', the morphisms being the 2-crossed module 
2-fold homotopies. Suppose that A' is free up to order one, with a chosen basis. To define a 2-groupoid 
110Mb{A' , A), we now need compatible left and right actions of the groupoid [^',^]f on [^',^]2 (see 
theorem I43p : in other words we need whiskering operators. 



3.4.2 Right whiskering 2-fold homotopies by 1-fold homotopies (in the free up to order one 
case) . 

Let A' = (^L' A £" A i^, 0, {, }^ and A= (^L E ^ G,>, {,}^ be 2-crossed modules. We now go back to 
assuming F to be a free group over the chosen basis B. 

Let f,f':A'^A be 2-crosscd module maps. Suppose that we have two homotopies (/, s, t) and (/, s', t') 
connecting / and /'. Suppose that we have a quadratic (/, s,i) 2-dcrivation k: F L connecting {s,t) and 

(s',t'), thus (/, s,t) — '~ — > {f,s',t'). Since the latter will be a 2-morphism in HOMb(^', .4.) we now 
represent it as: 



(£££) 



Let /" : A' ^ A he another 2-crosscd module map. Suppose we also have a homotopy 

/' = (m', 0') f" ^ 0"), 



so what we have diagrammatically is: 



Let us define the whiskering: 

(/, s, t, k)®[ f, s", t") = (/, s®s", t®t", k®s"), 
such that k®s" connects {s®s'\t®t") and {s'(^s" ,t'®t"); diagrammatically: 

{f,s'»s",t'»t") 
{f,s»s",t^t") 

By definition, fcOs" is the unique quadratic {f,s®s",t'®t") 2-dcrivation F L, which on the chosen basis 
B oi F has the form: 

{k®s"){b) = s"{b)'^>' k{b). 



Then we have for each g G F: 



{s®s"){g)S{{k®s"){g)) ^ {s'®s"){g); 



(112) 
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c.f equation (|10ip . This is because, on the free generators & G F, we have: 

(s®s")(6) S{{k(g,s"){b)) = s{b) s"{b) Sis" (by' >' k{b)) = s{b) S{k{b)) s"{b) = s'{b) s"(6) = (s'(8)s") 



Lemma 47 The following holds for each e G E' (c.f. equation (|10ip j; 

(te.s")(a(e))-i {t&"){e) = {t'm"){e). (113) 
Proof. We freely use the notation of 12.5.21 We have, for each e G E': 

ik(g)s"){d{e))-^ {trM"){e) = {k(E)s"){d{e))-^ u'^'''"\d{e)) s" {d{e))-^ >' t{e) t"{e), 

whereas 

{t'(^t"){e)^uj'^''^'"\d{e)) s"{d{e))-' >'t'{e) t" (e) 

= w(^*'W>^")(a(e)) s"{d{e))-^ >' ((fc o a(e))-4(e)) t"{e). 

Therefore (|113p is equivalent to: 

(tes")(<9(e))-iw(^^-^")(<9(e)) = ^^(^'^^■^"'(^(e)) s"(9(e))-i >' ((fc o a(e))-\ for each e G 

Let us then prove that for any g £ F we have: 

{k<E>s"){g)-' uj^'''"\g) = uj^''''"Hg) s"{g)-^ >' k{g)-\ (114) 

Consider the unique map: 

K:F^{{Gk^ E) k. ({1} [E K^, L))) Ka ({1} ({1} k^, {1}) (({1} (£; k^, L) k,, ({1} Kad i)) 
= Gro(eomp(.A)) Ka Gri(eonip(^)), 

(115) 

which on the free basis i? of F is: 

K{b) = (0(6), s(6), 1, s"{b), 1, 1, 1, 1, 1, 5{s"{b)-^ >' k{b)), s"(6)-i >' fc(fo)-i, 1, 1). 

By using the morphisms in (|89p , ((57)) and ([SS]) , 13.3. 1[ lemma [35] and remark [3S] (in 13.4.31 we will make a 
similar, more difficult, calculation) we have, for each g € F: 

K{g) = (0(5), s(ff), 1, s"ig)Siu;<^^'^"^)igr\uj<^^'^"\g), 1, 1, 1, 1, <5(fc0s")(5), ik^s")ig)-\l, l). 
Consider the unique map: 

K':F^ ((G F) K. ({1} {E K^, L))) xa ({1} x* ({1} x>' {1}) (({1} {E k^- L) k., ({1} x^d L)) 
= Gro(eomp(^)) Ka Gri(eomp(^)), 

(116) 

which on the free basis B of F is: 

K'ib) - (0(6), s(6), 1, S{k{b)),k{b)-\ 1, 1, 1, 1, s"{b), 1, 1, 1). 

By using the morphisms in ([89)) . ([87| and (|88| . I3.3."n equations ([SS]) and (|35|) . lemma l36l and remark [35l we 
have, for each g £ F: 

K'{g) = (0(.9), s(.g), 1, <5(fc(.g)), fc(5)-i, 1, 1, 1, 1, ^"(5) 5{uj^'' ^'"\g))-\uj^'' -'"Kg), 1, 1). 

By composing K and K' with the group morphism Z of (jlOSp yields two group morphisms F — > (G K[> 
E) K, ({1} K, (F K|>/ L)) = Gro(eomp(^)), namely: 

9 ^ (0(.9), s(ff), 1, s"(,g)<5(w(^^-^"))(g)-i 5{k®s"){g), {k®s"){g)-' ^^^'^'''Hg)) 
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and 

(It is an instructive exercise to check that the last two equations arc coherent with (|112p and (|104p .) Since 
these agree on the chosen basis B of F, they coincide, thus equation (|114p foUows. This finishes the proof 
of the lemma ■ 

Therefore, by and pl^ . we have that (by equation pUT]) ): 

/r „ II ,„,ll\ (f-SSis",t^t".k^s") , I „ II ,l„,ll\ 

{f,siSis",mt") ~ ^ ^ (/, s'®s",t'&"). 

Lemma 48 (Punctoriality of the right v^fhiskering) Let f,f',f": A' ^ A he 2-crossed module maps. 
Suppose that we are given homotopies (/, .s,i), {f,s',t') and {f,s",t"), connecting f and /', as well as 2- 

fold homotopies {f,s,t) {f,s',t') and {f,s',t') ^'^'^ \ (f,s",t"). Suppose we are also given a 

homotopy f '^^ j"^ Diagrammatically we have: 

U,s",t") 




/ —if,s',t')^ f . f" 




{f,s,t) 

Then: 

((/, s, t, k) o (/, s', t', k')) ® (/', u, v) = ((/, s, t, k) ® (/', u, v)) o (if, s', t', k') ® (/', u, v)). 

Proof. In the left-hand-side, since {f,s,t,k) o {f,s\t',k') = {f,s,t,kk'), the underlying quadratic (/, s (g) 
u,t ^ v) 2-derivation (fcfc') m is the unique quadratic (/, s (8) m, i <8) v) 2-derivation F ^ L which on the 
chosen basis B oi F is b i-^ u{b)~^>' (^k{b)k'{b)) . On the right hand side we have the quadratic {f,s^u,t(E> v) 
2-derivation F —> L, which is the product of fc ® w and k' (g) u. On the chosen basis _B of it takes the form: 

b ^ {u{b)-^ >' k{b)) >' fc'(6)) = u{b)-^ >' {k{b)k'{b)). 

Therefore: 

(fcfc') (g) u ^ {k (g) u) {k' (g) u), 

since the same is true in a free basis of i^. ■ 
Analogously: 

Lemma 49 Suppose we have a 2-fold (/, s,i) homotopy {f,s,t) ' ' '\ (f,s',t'). Consider also a chain of 
homotopies: f ^-^ ' ' \ j" iZ-J — : — L. j'" - diagrammatically: 



(/,^,t) 

Then: 

(/, s, t, k)®(u® It', V ® v') = ((/, s, t, fc) ® (w, v)) ® (w', v'). 

Proof. In the chosen basis B of F, the underlying quadratic {f,s(gug)u',tg)v® v') 2-derivation in the 
left-hand-side is 

6 (u ® u'){b)-^ >' k{b) = (u(6)m'(6))~i t>' k{b), 

whereas the underlying quadratic {f,s®u®u',tg)vg) v') 2-derivation on the right-hand-side is (on free 
generators of F): 

b ^ u' (b)-'^ >' {u{b)-^ >' k{b)), 

thus these agree on the free basis B oi F. ■ 
Therefore 
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Proposition 50 Let A' = (l' ^ E' ^ ^, >,{,}) and A ~ A E' -H- G, l>, {, }^ he 2-crossed modules, 
where F is a free group over the chosen basis B . Whiskering on the right gives a right action (by groupoid 
morphisms) of the groupoid \A' ^At\i of maps A ~^ A' and their homotopies, on the groupoid [A\A]2 of 
2-crossed module homotopies and their 2-fold homotopies. 

3.4.3 Left whiskering 2-fold homotopies by 1-fold homotopies (in the free up to order one 
case) 

Let A' = (l' \ E' ^ F, >, {, }^ and A = (^L E G,>, {, }j be 2-crossed modules, where F is a free 

group over the chosen basis B. If we have 2-crossed module maps /, /' : A' A, homotopies {f,s,t) and 
(/, s' , t') and a 2-fold homotopy (/, s, k), all fitting into the diagram: 



and we also have a homotopy 
so what we have is: 

if,s'.t') 



let us define the whiskering: 

(/', s", t")(g){f, s, t, k) = (/, s"®s, t"®t, s"(E)k), 

such that we have: 

(f",s"®s',t"0t") 



f" c^^cr^", f'Mf^^t^ki^ f . 

{f",s"(g>s,t"(g>t) 

By definition, s"(E}k is the unique quadratic {f" ,s"(E)s,t"(E)t) 2-dcrivation which on the chosen basis B of F 
has the form: 

{s"(E,k){b) = k{b). 

Then we have for each g & F: 

is"(^s){g) 5{{s"(g>k){g)) = (s'®s")(<7); (117) 
c.f equation (|10ip . This is because on the free generators 6 e F we have: 

(s"®s)(6),5((s"®fc)(6)) = s"{b)s{b)S{k{b)) = s"{b) s'{b) = (s"<E>s')(b). 



Lemma 51 We have, for each e G E' : 

{s"<»k){d{e))-^ (t"®t)(e) = (i"®t')(e), (118) 

c.f equation (|10ip . 

Proof. Equation 1 1 1 81 follows if we prove that for each g E F wc have: 

{s"(^k)ig)-' J^"-^\g) = J'"-''\g) k{gy\ (119) 
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We freely use the notation of 12.5.21 Consider the unique map: 

K: F ^ {{G K^E) ^k, ({1} {E k^, L))) Ka ({1} ({1} k^, {!}) (({1} {E k^, L) k., ({1} Kad L)) 

= Gro(eomp(^)) ka Gri(eonip(^)), 
which on the free basis B oi F is: 

K{b) = 1, 1, 1, 1, 1, 1, 5(fc(6)), 1, 1, 

This map has the fohowing form for each g £ F: 

g ^ {cb"{g), s"{g), 1, sig)5{J^" ^^'>){g)~\u'^^" ^^\g), 1, 1, 1, 1, S{s"<E>k{g)), {s"®k{g))-'k{g), 1, k{g)-'). (120) 

Let us this time give full details: The underlying map F — > (G k^, E) x, ({1} x, {E k^./ L)) must be 
9 ^ i(t>"ig),s"ig),l,sig)d{u;'^'"^'''>){g)-\Lu^''"'-'\g)) by the discussion in lQJl Therefore 

Kig) = (0"(g), s"(.g), 1, s{g)S{io<^^"-^^){gr\io<^^"'^Hg), 1, 1, 1, 1, A{g),B{g), 1, 

Composing iiT with the morphism in ([ST]) yields a group morphism F ^ {G t<[> E) k, ({1} k» (F Kj./ L)) of 
the form: 

g ^ {<P"ig), is" ® s)(.g), 1, i?(.g)C(.g)), 

which on generators is 

b ^ {<P"{b),s"{b)sib),l,Sikib)),k{b)-'). 
By remark 1551 this morphism must therefore be of the form: 

g ^ is" ® l,<5(s" ® k){g), [s" ® fc)(.9)-i). 

Composing K with the morphism in ([55]) yields another group morphism F— !> (GiXt>£')K,({l}ix,(£'iX[>/L)) 
of the form: 

geF^ {Hg),s{g), 1, A(.g),5(i?(.9)), G(g)) 

which on generators is: 

b^ {^ib),sib),l,Sikib)),k{b)-'). 

By remark [551 this morphism must therefore be of the form: 

g e F ^ {cb{g),s{g),l,6{k{g)),k{g)-^). 

Putting all together yields the form ()120p for K. 

By composing K with the morphism in ()108p yields a group morphism F — !> (Gk^£')k,({1}k»(£'K[>/L)) 
with the form: 

g^{ri9),s"{g)A,s{g) 5(c.(^"^^))(g)-i<5(s"®fc(5)),(s"0fc(.9)-i) u'^^" '^Hg) k{g)) 
By lemma [Ml we have another group morphism F (G E) k, ({1} (F Kj./ L)) with the form: 

g^(0"(g),s"(.g),l,s'(.g)<5(c.(-^"'^'))(.g)-\a.(^"^^')(5)) 

Since these morphisms agree on a basis of F, they coincide, from which (|119p . thus (jllSp . follows. It is an 
instructive exercise to check that these calculations are coherent with (|117p and (|104p . ■ 
From equation (jlOip . by (|117p and (|118p we therefore have: 

{f",s"®s,t"®t) ^r.s"r^s,t"r^t,s"^U)^ {f,s"®s\t"®t'). 

As before we can easily prove that 

Proposition 52 Whiskering on the left gives a left action (by groupoid morphisms) of the groupoid [■A'j.AJf 
of maps A ^ A' and their homotopies on the groupoid [A\A]2 of 2-crossed module homotopies and their 
2-fold homotopies. 

Moreover: 

Proposition 53 Whiskering on the right commutes with wiskering on the left. 

If A' is free up to order one, with a chosen basis, we have therefore constructed a sesquigroupoid 
[44] HOMb(^',^) with objects being the 2-crossed module maps f : A' — > A, and the morphisms and 
2-morphisms being homotopies and 2-fold homotopies. To prove that IIOMs(^',^) is a 2-groupoid we now 
need to prove that it satisfies the interchange law. 
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3.4.4 The interchange law 

Let A' = ^L' A £" A F, >, {, }^ and A = (^L \ E ^ G,>, {,}^ be 2-crossed modules, where F is a 
free group over the chosen basis B. Suppose we have the following diagram of 2-crosscd module maps 
/, /', /" : A' A' , homotopies and 2-fold homotopies: 

(/,s',t') {f',u',v') 



/C ^/'C i[if,u,v,k') 



(/',",") 

Let us prove the interchange law: 

((/, s, t, k) ® (/', u, v)) o ((/, s', t') ® if, U, V, k')) ^ ((/, S, t) ® (/, U, V, k')) o ((/, s, t, k) ® if, u', v')) . 

In the left hand side we have the quadratic (/, s u, t (8) v) 2-derivation, which on the basis B of F is: 

b ^ {u-\b) >' kib)) k'{h). 

In the right hand side we have the [f , s ® u,t ® v) 2-derivation, which on the chosen basis B of F is: 

b ^ k'ib) u'{h)-^ >' fc(6) = k'ib) i5ik'{h)-^)u{h)-^) >' fc(6) = {u-^{h) >' k{h)) k'{h), 

where we have used (|10ip and the crossed module rules, recalling that iS: L ^ E, >') is a crossed module. 
We therefore proved that: 

Theorem 54 (Mapping space 2-groupoid) Given two 2-crossed modules A = I L — > i? — > G, t>, {, } 



and A' = yL' \ E' ^ F, >, with F free up to order 1, with a chosen basis B of F, there exists a 

2-groupoid: 

HOMs(^',^) 

of 2-crossed module maps, 1-fold homotopies between 2-crossed module maps, and 2-fold homotopies between 
1-fold homotopies. 

We note that HOMsiA' , A) explicitly depends on the chosen basis B of F. 

4 Lax homotopy of 2-crossed modules 

4.1 Definition of Q^{A) and lax homotopy 

Consider a 2-crossed module of groups: 

A=[l\e^G,>,{,}). (121) 

We will consider a very natural partial resolution Q^{A) of it, which is free up to order one, with a chosen 
basis, together with a surjectivc projection proj : Q^iA) — > A, defining isomorphisms at the level of 2-crosscd 
module homotopy groups. It is proven in |25j that (clearly functorial by its construction) is a part of a 
comonad. We will then use Q^{A) to define lax homotopy of (strict) 2-crossed module maps. 

4.1.1 Construction of Q^iA) and abstract definition of Q^-lax homotopy 

Let G be a group. The free group on the underlying set of G is denoted by 7^'''^°"p(G). The inclusion (set) map 
G J'^'°"p(G) is denoted hy g e G ^ [g] e J'^'°"p(G). The projection (group) map sending [g] g J'«"^°"p(G) 
to 5 £ G is denoted by p: J^'='°"''(G) — >■ G. Note that we do not take [1], where 1 is the identity of G, to be 
the identity of J^''""p(G), the latter being the empty word, denoted by 0. 
For the 2-crossed module (|12ip . we put: 

Q\A) = (l^Eqx (G) ^ .F— (G),>, {, } 
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where of course: 

Eg X pJ"«""''(G) = {(e, It) e -B X J"«""''(G) : (9(e) = p(u)}. 

Moreover d'{e,u) — u, and. for all u e J^*'°"p(G), we put u> {e,u') = {p{u) > e,uu'u^^). Clearly the Peiffer 
pairing is ((e, u), (e', u')) = ((e, e'), 0). We also put S'{k) = {5{k), 0) and also u> k — p{u) > fc, for all /c G L 
and u G J^*™"''(G). It is immediate that with the Peiffer lifting: 

{{e,u),{e\u')} = {e,e'}, 

this defines a 2-crossed module of groups (a very similar construction appears in |T]). Also, Q^{A) is free up 
to order one, and we choose the free basis [G] ~ {[g], g & G} of J^'''"°"p(G). 

There is a projection proj = (r,q,p): Q^{A) — >■ A which, rather clearly, yields isomorphisms at the level 
of 2-crossed module homotopy groups (the homology groups of the underlying complexes). It has the form: 

L xpJ-«™"p(G) — ^ J-«™"p(G) 

(122) 

L > E > G. 

s a 

where r = id and q{e, u) = e, for each (e, u) £ Eg x pT'-'°'^^ [G) . 

Consider 2-crossed modules A^ i^L ^ E ^ G,\>,{,]^ and A' = (^L' ^ E' G', [>, {, If we have a 

2-crossed module morphism f : A ^ A' then / o proj is a 2-crossed module morphism Q^(A) — >■ A' . This 
yields an injective map proj*: hom(^, ^') — > honi{Q^{A),A'), since proj: Q^{A) — !> ^ is surjective. Here 
hom(^, A') denotes the set of 2-crossed module maps A ^ A' . 

Definition 55 (Lax mapping space) A morphism Q^{A) — > A' is said to be a strict map A A' if it 
factors (uniquely) through proj: Q^{A) — > A. The lax mapping space 2-groupoid: 

MOMlax(A A') 

is the full sub- 2-groupoid o/IIOM[q]((5^(^),^'), theorem \54\ with objects the strict maps f:A^ A', each 
uniquely identified with f o proj : Q^{A) — >■ A' . The objects of O^OJAi^AxiA, A') are therefore in one-to-one 
correspondence with 2-crossed module maps A — > A', and we call the 1- and 2-morphisms of 3{0M.i^ax{A, A') 
"lax homotopies" and "lax 2-fold homotopies". 

4.1.2 The structure of Q'^{A) 

We now want to completely unpack the definition of 3-COMlax(-4, A'), definition [55] To unravel the structure 
of Q^{A), we prove an auxiliary lemma, describing the kernel of the projection map proj: Q^{A) A 
in (|122p . To characterize this kernel it suffices to elucidate the kernel ker(p) of the obvious projection 
p: J^"""p(G) — > G. Then the kernel of the projection map proj: Q^{A) ^ ^ is the 2-crossed module: 

kcr(proj) = {1 ^ {1^} x kcr(p) ker(p)}, 

with action by conjugation and trivial Peiffer lifting. 

For details on the definition of free crossed modules and free pre-crossed modules (possibly with ulterior 
relations), we refer to [101 [ID]- Let G be a group. Given g,h £ G put: 

[g, h] = [gh]-'[g] [h] G ker(p) C J--°-(G). (123) 

Note that we always have: 

[gh,i] [i]~'^ [g,h] [i] = [g,hi] [h,i], where g,h,i£ G. (124) 

Also ii g,h e G: 

[g] [h] {g,h]-' = [gh], 

[1] = [1,1], (125) 
[g-']^[g]-' [1] [g,g-']. 



proj = 
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Moreover: 

[ghg-'] = [g] [hg-'] [g, hg-^' = [g] [h] [g-'] [h,g-Y' [.9, hg-']-' 

= [g] [h] [g]"' [1] [g,g-'] [Kg-'r' ig^hg-']-'- 

Lemma 56 The inclusion map l: kcr(p) 7^*^'°"''(G), together with the action > o/ J^^™"'' (G) on ker(p) C 
J-''''°"p(G) by conjugation, is isomorphic to the crossed module, over J-'^'°'^'^{G), formally generated by the 
elements {g,h), where g,h ^ G, with: 

''{g, h) = [g, h], for each g,heG, 

modulo the relations: 

(gh, i) [i]~^ (g, h) = {g, hi) {h, i), where g,h,i € G. (127) 

In particular, kcr(p) — >■ J-'^'""'^ {G) is isomorphic to the pre-crossed module, formally generated by the symbols 
{g,h), for all g,h & G, with i{g,h) = [g,h], modulo the relations (|127p . as well as the following relations 
(where g,g', h,h' G G and k, k' G J-"*™"''(G) ), enforcing the second Peiffer condition in definition\^ 

{L{k > (.9, h))) > {k' > (.g', h')) = (fc > {g, h)) {k' > {g', h')) {k > {g, h)y\ 

(It suffices to consider the case k = %.) 

Also, we have that kcr(p) C 7^''™"''(G), as a group, is generated by all conjugates (under 7-'^'°'^'^ [G)) of 
elements [g,h], where g,h^ g, and the relations (jl27p are the only relations between these. 

We will give a topological proof of this lemma. Recall jiUj that, if {X, Y) is a pair of patli-comiected spaces, 
then the boundary map it2{X, Y) — 7ri(F), together with the standard action of tti on 7r2, defines a crossed 
module 1X2 (X,y), a result due to Whitehead. If X is obtained from Y by attaching 2-cells, then 1X2 (X,F) 
is the free crossed module on the attaching maps of the 2-cells of X in 7ri(F), a fact usually known as 
Whitehead theorem [46l HZl |48] . If X is a CW-complex, then X^ denotes the i-skeleton of X. 
Proof. Let K be the simplicial set which is the nerve of G, thus the geometric realisation of K is the usual 
classifying space of G; sec for example [TU]. We thus have a unique 0-simplcx, the 1-simplices of K are in 
one-to-one correspondence with elements of G, and we denote these by [g], where g G G. The 2-simplices of 
K are in one-to-one correspondence with pairs (g, h), where g,h £ G, being: 

9o(ff, h) = [h] di{g, h) = [gh] d2{g, h) = [g]. 

The 3-simplices of K are triples (g, h, i) of elements of G, being: 

do{g,h,i) = {h,i) di{g,h,i) ^ {gh,i) d2{g, h,i) ^ {g, hi) dz{g,h,i) ^ {g,h). 

Let us consider the fat geometric realization X of K (forgetting about the degeneracy maps of K, thus looking 
at K merely as being a A-complex, jSO].) It is well known that the fat and standard geometric realisations 
of a simplicial set are homotopy equivalent (see for example |11|). thus X is an aspherical CW-complex with 

TTl{X)=G. 

Consider the exact sequence {1} — !• Ti2{X, X^) — >■ 7ri(X^) — >■ 7ri(X) = G. These are the final groups of the 
long homotopy exact sequence of the pair {X,X^), where X^ is the 1-skeleton of X. Then 7ri(X^) — > tti{X) 
is exactly the map p: J^*'°"''(G) G, so we only need to determine t:2{X,X^). The crossed module 
{tt2{X,X^) -> TTi{X^)) = Ii2{X,X^) is a quotient of the crossed module {tt2{X'^,X^) M^^)) = 
Il2{X'^ , X-^), which, by Whitehead theorem, is the free crossed module on the boundary maps of the 2- 
cells of X in tti{X^). Thus tt2{X'^ , X^) is the principal group of the pre-crossed module, over tti{X^), 
generated by all pairs (g^h) where g,h € G, with L{g,h) ~ [g,h], modulo the relations (for g,g',h,h' G G 
and k,k' G J-''^'""'^ {G)) , enforcing the second Peiffer condition in definition[T] 

{L{k > (5, h))) > {k' > (5', h'j) = {k > {g, h)) {k' > {g', h')) {k > (5, h)y\ 

To obtain tt2{X, X-^) from tt2{X'^ , X^), we now need to add one extra relation for each 3-ccll of X (see [20]), 
yielding that we should have: 

{gh, i) [i]"^ > {g, h) = {g, hi) {h, i), where g,h,i<E G, 

which arise from all 3-simplices of K. ■ 
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4.1.3 Explicit form of a lax homotopy between two strict 2-crossed module maps 

Wc freely use the notation of subsection l3. Il and l4. 1 .11 Consider 2-crosscd modules A = (l-^E^G,>,{,} 



and A' = [L' ^ E' ^ G' , t>, {, }j . Reeall the eonstruction of 3^0Mlax(-4, A'), definition EH from Q^{A) = 

L ^ Eox pJ"«""p(G) A J''=""''(G'),i>, {, }y Let /i = {ni,ilji,(f>i) and /2 = {fJ.2,ip2,h) be 2-crossed mod- 
ule maps A ^ A' ■ Consider a lax homotopy connecting /i and /2, namely: 

(/^i, ^1, 0i) = /i = (/i o Proj) <-^i°P"°-'''''*^> o proj) = /a = (^2. "02; '/'2)7 

thus (s,t) is a quadratic /{-derivation connecting /( = (/i o proj) and /2 = (/2 o proj). Therefore 4>i{[g]) = 
Mg) and = 02(5), for each 5 G G. Also (/'Ulff, /^l) = 02([ff,/i]) = 1g and [5,/i]) = iP'^{l, [g,h]) = 

1e, for each g,h & G. Following the notation of lemma [551 let us put (g, h) = (1, [g, h]) G E'a x pJ^*""''(G'), 

thus a'(g,/i) = [5,/i] = [5/i]-M.9]W- 

Let us look at the associated group map (lemma [ 



(128) 



((/)'i,s): J''=""p(G) -^G' K^E'. 

Note the following equation, which will be used several times (we use (j90| and (t)'i{[gh]) = (pi{gh)): 

{s o d'){g, h) = s{[ghr\g][h])) = Mgh^ > sUgh]"') Mh)-' > s{[g]) si[h]) 
^s{[gh])-' Mh)-'>s{[g]) s([/i]). 

The fact that (^2(ker(p)) = 1 and (f>'i(kcT{p)) ~ 1 tells us that for each g,h G G: 

1 = c^',{[g,h]) = c^',{[gh]-^[g][h]) = m9h]-'[g][h]) d{s{[gh]-^[g][h])) = d{s{[gh]-^[g][h])) 
= d{s{[gh])-' Mh)-'>s{[g]) s{[h])). 

Thus we must have that, for each g,h G G: 

d{si[gh])) = diMh)-' > si[g]) s([/i])) . (129) 

Let us now look at the group map (lemma [28)) : 

{ip[,sod',t): Eq xpJ''=™"P(G) {E' k^./ L'). 

Let 

11(5, h) = t{g, h), where g,h e G. 

Noting that ip'i{g, h) = 1, we have: 

{i:[,sod',t){g,h) = {l,{sod'){g,h),t{g,h)) = {l,s{[gh])-' Mh)'' > -^ig]) s{[h]),t{g, h)) 
= {l,si[gh])'' Mh)-'>s{[g]) s{[h]),Ilig,h)). 

The fact that -02(57 h) — 1 tells us that: 

1 = (. o d'){g, h) J(n(g, h)) = s{[gh])-^ Mh)'' > ^([5]) sUh]) mid, h)). 

Therefore, for each g,h ^ G, we have: 

s{[gh]) = Mh)-' > s{[g]) s{[h]) S{U{g, h)), (130) 

thus also for g,h £ G: 

iij[,sod',t)ig,h) = {l,S{U{g,h))-\U{g,h)), (131) 

and 

si[g,h])^5{Il{g,h))-\ (132) 

thus in particular: 

s([l]) = s([l,l])=<5(n(l,l))-\ (133) 
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Since [{ip'i , s o d' , t) , {(p'l , s)) is, by lemma ?IE[ a pre-crossed module map into (/3: E' (£" K[>' L') 
G' Kt> iJ', •) we have: 

(^'i, s o a', fc > [g, /i]) = {4''i,so d', t) {k > {g, h)) - {4,[{k), s{k)) . {^[,s o a', h) 

= (<^i(p(fc)),s(fc)).(l,s([,9/i])-i (/.i(/i)-i>s([5]) %,/!))), (134) 

where k e J"''"^°"p(G) and g, h e G. The fact that ^jj'2{k > {g, h)) = 1 is equivalent (by (|134p and lemmas [27l 
andHgi to: 

0i(p(fc))a(s(fc))>(s([g/.])-i <^i(/i)-i>s([5]) s([/i]) <5(n(5,/i))) =1, 

therefore this fact is implied by (|130p . 

Let us now find necessary and sufficient conditions for 

k G J'^""''(G') ^ {Mp{k), s{k)) e G' E' 

and 

(e,fc) e EoxpT''""'''{G) <^ (V'i(g(e,fc)),s(5'(e,fc)),t(e,fc)) G (i;' k^./ i') 

to be a pre-crossed module morphism, yielding a lax homotopy between the strict 2-crossed module maps /i 
and /2. As far as (0i(p(fc), s(fc)) is concerned, since J^'=""p(G') is free on the underlying set of G, there are 
no conditions on s to add to (|129p . 

Given (e, k) € Eg x pT"""''' {G) we have 

{e,k) = {e,[die)]) {l,[d{e)]-'k), 

where clearly [5(e)]~^fc G ker(p). By using this and lcmma[551 we can easily see that the group Eg x pj^*™"'' (G) 
is the principal group of the J^''""p(G) pre-crossed module, formally generated by the symbols [e] = (e, [<9(e]), 
with e E E, and {g, h) = (1, {g, h)), with g,h E G, modulo the relations (|135p . below (for g, h E G, e, f & E 
and I G J''''°"p(G)), which (we leave the reader to verify this) do hold in Eg x pJ'«'°"p(G): 

[e][/] = [e/] (a(e),a(/)) 

g>[e] ^[g>e] {g,d{e)g~^) (9(e),. g'^) {g,g-')-' {1,1)-' 
, (135) 
{gh,i) [i] 'o{g,h) = {g,hi) {h,i) 

d{g, h)>{l> {g\ h')) = {g, h) {I > {g' , h')) {g, hy' or {[g, h]l) > {g\ h') = (g, h) [l t> {g\ h')) (g, h)-\ 

Let t{a) = t{[a]) and s{g) = ^([5]), where g E G and a E E. Note that ^'i([e]) = -01(6) and '02([6]) = "01(6)- 
Then t: Eg x pT^'°'^^{G) — ?> L' can be specified by t{a) and t{g, h) = Ii{g, h), which must satisfy relations 
(|135p . These translate into (in order of appearance) : 

(Vi(a),s(9(a)),t(a)) (Mb), s{d{b)),t{b)) = (M^b), s{d{ab)),t{ab)) {l,S{n{d{a),d{b))-\U{d{a),d{b))) , 

which is the same as, for any a,b G G, (by ((T9)) ): 

(0i(a)V'i(&), Mmr' > s(5(&)), ((5 o d)ib)y' >' {Mbr\ sidia))-'y' 

[{Mb){{sod)){b)y\'t{a)) t{b)) = [Mab),s{d{ab)) S{n{d{a), dib))-\U{d{a), d{b)) t(a6)). 

At the level of the first two components, equality always hold, given the calculations above. Therefore 

Uidia),dib)) t{ab) = {isod)ib)y\' (^{Mbr\sid{a)r'y' Mby'o'tia)) t{b). (136) 

The second relation translates into (for any g & G and a G E): 

{Hg),s{g)) . (0(a), s{d{a)),t{a)) = {Mg > a),s{d{g > a)), t{g > a)) (l, 5(n(g, d{a)g-')y\U{g, d{a)g-'))) 
{l,6{Ilid{a),g-')y\n{d{a),g-')) {l, Sillig, g-'yn{g, g-'y') (l, <5(n(l, 1)), n(i, 1)-^) 
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which gives: 

M9)>{49Hdia))-'>' [M<^r\-<9r')y') M9)>{si9),-<d{a))-'Ma)-'} {Mg){d o s){g)) >t{a) 

= n(l, n(.g, g-Y' n(a(a), n(.g, d{a)g-')) t{g t> a). (137) 

By using ([5^ and (|35l) . the third relation translates into the cocyclc type identity (for each g,h,i e G): 

s{i) >' {M^y^ > n(.g, h)) nigh, i) = n(/i, i) n(5, u). (las) 

Let us see that the fourth relation is void in this case. Note that, for g,h ^ G and k e 7^^'°"^^ (G) , we have: 

(Vi, {sod'), t) {kt>{g, h)) = (0i(p(fc)), s(fc)) . (V-i, (soa'), (g, /i) - (0i(p(fc)), s(fc)) . (1, 5{U{g, h)r\n{g, h)) . 

Applying {^j}'^, (s o 9), to the left hand side of the last relation of (|135p yields (since 4'i{p{[g, h])) = 1 and 
by using ([5^): 

('/'ib(O), s([.9, /i]0) • (1, mig, h'))-\n{g\ h')) 

= 0i(pi(/)) > (1, s([g, <5(n(.g', h'))-^ s{[g, h]l)~\s{[g, h]l) >' Il{g' , h')). 
Applying (■05^, (s o d),t) to the right-hand-side of the last relation of (|135p gives: 

(1, J(n(g, /i))-\ n(g, /j)) {Mpii)),m) • (1, '5(n(5', /i'))"\ n(.9', h')) (i, j(n(.g, /i))-\ n(.g, /i)) 

= {l,S{U{g,h)y\U{g,h)) 0i(p(O)>(l,s(O <5(n(.g', /.'))"' s(0-\ s(0 >' n(5', /j')) {l,S{n{g,h))-\ll{g,h)) 

Therefore both sides applied by {sod),t) coincide since (we use the fact that {6: L E,t>') is a crossed 
module) : 

n(5, hy' Mp{i) > (s(0 >' u{g', h')) n(.g, h) = Mp{i)) > {{s{Mp{i)y' > n(g, hy') s{l)) >' U{g', h')) 

= Mp{1)) > {{Mp{l)r' > <[9, h]) s{l)) >' n{g', h')) 
= Mp{l))>{{s{[g,h]l)) >'Ilig',h')y 

We have (almost) proven: 

Theorem 57 Consider 2-crossed modules A ^ (^L E ^ G,>, and A' = (^L' E' ^ G' , >, {, }^ . 

Let fi = (/Xi, "01,01) and /2 = (/^2,'02;02) be 2-crossed module maps A — !• A'. A lax homotopy connecting 
fi and f2, definition ] 5 51 which we write as: 

ji > h, 

is given by: 

1. A (set) map s: G ^ E' , 

2. A (set) map i: E ^ L', 

3. A (set) map U: G x G ^ L'. 

These are to satisfy, for each g,h ^ G and a,b £ E, that: 

d{s{gh)) = d{Mhr'>s{9) m), (139) 
sigh) = Mh)-' > s{9) m S{n{g, h)), (140) 
U{d{a),d{b)) i{ab) = {{sod){b))-\' [{Mb)-\ma)r'y' Mb)-'>'i{a)) £(6), (141) 



41 



M9)> {S{g)s{d{a)r' >' [Mar\S{g)-'y') > s(a(a))-Vi(a)-'} {M9){d o s){g)) > i{a) 

= n(l, n{g, g-')-' n(a(a), .g-i) n(g, d{a)g~' j) i{g t> a), (142) 

>' {M^r' > n(5, /i)) High, ^) = n(;i, ^) n{g, hi). (143) 
^nrf, moreover, if g E G, e £ E and I £ L: 

Me)=i'iie)sid{e))Sii{e)), (144) 

/i2(0 = m(0 n(i,i)-i f(5(0). 

Moreover, the corresponding (strict) homotopy between strict 2-crossed module maps Q'^{A) — >■ A' , namely: 

Ji = ,/ 1 o pro,] > h o pro,] = /2 

zs given by the (/i o pro]) -quadratic derivation {s,t), where s: J-"''""p(G') — >■ -E' is the unique o p)- 
derivation (definition \24^ extending s: G ^ E' , and on the group generators of Eq xpT'^"'^^{G) we have 
that t{e, [9(e)]) = f(e) and t{g, h) = n(g, h), where e £ E and g, h £ G. Recall that p: J"'=""''(G) G is the 
obvious projection. 

We thus have a lax analogue of the strict homotopy relation treated in subsection 13.11 
Proof. We just need to check the last equation of (|144p . Note that if / G L: 

s'ii) = (<5(o, 0) = (^(0, [1]) (1, [1]-') = m)] (1, 1)-^ 

Therefore, by using ([^5)) and p33p . and noting ■(/''([I]) = Ie'- 

i{6'{i)) = m-')-' >' mi)) I)-') = m-')-' >' {tm)) (m i))-')- 

Thus 

^l2{l) = M2(0 = MO = Mi(0 H[i]-')-' >' mi)) n(i, i)"^). 

And now note that s([l]"^) = 0i([l]) > s([l])"^ = s([l])"\ since <j)[{[l]) = 1, together with ([TM| . and the 
second Peiffer condition in definition [T] ■ 

It follows by construction that /2 = {H2,i^2,(t'2), defined in (|144p . is a 2-crossed module morphism 
^ — if equations (|139p to (|143p are satisfied. Let us nevertheless elucidate how this could be proven 
directly. First note that if g G G and e £ E: 

s(gd(e)g-^)^<t„(gd(e)~')>s(g) <P{g) > s{die)) s{g-') S{Il{d{e), g-')) d{n{g,die)g-')) 

^M9d{e)-')>s{g) 0i (.g) > J(a(e)) M9) > Hg)-' ^(1) d{Ilig, g-')-' 5(n(a(e), g^^)) S{U{g, die)g-')). 

Let us prove that ip2' E ^ E' is G-equi variant. If e G i? and g £ G: 

ip2{9>e) = M9>e) {sod){g>e) (5 o t)(5 > e) = 0i(g) > Vi(e) <j>i{gd{e)~^) > s{g) 0i(.g) > J(a(e)) 0i(g) > .s(.g)~i 
s{l) 5{U{g,g-Y' S{U{d{e), g-')) 6{U{g,d{e)g-')) S{U{1,1)-' U{g,g~Y' ^id{e),g-')U{g,d{e)g-'))-Y' 

M9) > {s{g)s{die))-' >' {Vi(e)-\ s(g)-i}"') s(^M9) > {^(g), J(a(e))-Vi(e)-^} (0i(ff)(a o s){g)) > t(e)) 
= 0i(.9)i>^i(e) (f)i{gd{e)~^)t>s{g) (f>i{g) > s{d{e)) <?ii(,g) > s(g)~^ 

[M9) > (s(.g)s(a(e))-i >' {^i(e)-\ s(g)-i}"') M9) > {^(ff), s(a(e))-Vi(e)-^} {M9)id o s)(g)) >i(e)) 
= 02(g) l>V'2(e), 

where in the last equality we used equation 2 of definition |4l It is also instructive to prove directly that 
fi2. L ^ L' is a. G-equivariant group morphism. If fc, / G i we have (we use (|133p ): 

Pi2{lk) = fiiilk) n(l, l)-i i{6{lk)) 

= A*i(?fc)n(i,i)-2 (,i([i])-io'({5(^i(fc))-i,s([i])-i}"' s{f,^{k)-')>'i{S{i))) mk)) 
= iii{ik) n(i,i)-i{5(^i(fc))-\,s([i])-i}"' 5(/.i(fc)-i)>'f((5(/)) n(i,i)-i £(5(fc)) 
= ^l^{lk) n(i, i)-i [<5(Aii(fc))-i, j(n(i, i))] fi,{k)-' i{S{i)) /i2(fc) - m2(0a^2(0- 
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Let us now prove that fi2{g > k) = 02(3) > /^2(fc), if fc G i and g £ G (we use equation 4 of definition SJ the 
second Peiffer relation and equation (1133^ ): 

ii2{g > k) = > k) n(i, t(% > fc)) 

= > fc) n(i, (n(i, n(g,5-i)-^ n(i, 5-^) 0(3,5"^)) " Vi(ff) > (5(5).s(i)-i >' Ha)''}'') 

M9) > {^(ff), {M9){d ° > £(<5(fc)) 

= > fc) n(l, (n(l, n(.g, ^-i)-! n{l,g-') Il{g, ' Vi(ff) [Hg)m-'H9)-' >' {MSik)-'), 

> {1(5), V-i Wfe))"'}) {^(ff), s{^r'}) {M9)i0 ° .s)(.9)) > t(<5(fc)) 

= > fc) n(l, (n(l, n(.g,.g-i)-i n(l, .g-^) n(.g, .g-1)) " > ((s(.g),s(l)-ij(.g)-i) >' Vi(fc)-^) 

01 (5) > ((s(,g)s(l)-is(,g)-i) >' (disig)) > V-iCfc))) 0i(5) > {5(5), o > f(J(fe)) 

= Mi(.9t>fc) n(l,l)-i(n(l,l)-in(g,5-i)-in(l,5-i)n(g,g-i))"' 0i(5)>{s(.g),s(l)-i} 

0i(5)> (9(s(g))t>s(l))t>' (V^i(fc)-i a(J(.g))>V^i(fc))) (01 (5) (9 OS) (.g)) t><(5(fc)) 
= Aii(g>fc) n(l,l)-^(n(l,f)-in(g,g-i)-in(l,g-i)n(g,g-i))"' 0i(5)>{s(5),s(l)-i} 

0i(5)>(9(s(ff))t>n(l,l)-i ^i(fc)-i) (/)2(5)>^2(fc) 
= Mi(.g > fc) n(l, (n(l, n(.g, n(l, g-')U{g, 0i {g) > (,s(.g) >' n(l, 1)) 

M9)^{Mk)-') M9)>i'2{k). 
Now the last term is equal to 4'2{g) t> il'2ik), since: 

n(i,i)-'n(5,5-i)-i n(i,g-i)-i n(g,g-i) n(i,i) </)i(5)t>(5(5)>'n(i,i)) = i. (i45) 

To see this note that, in the free group J''=""''(G): 

[5] [i,f] [g]-' [1,1] [9,9-'] [1,9-']-' [9,9-']-' [1,1]-^ = 0. 

Then, by lemma [56] and equations (jl39p to (|143[) . we also know that we have a group map: 

jrsro„p((^) D ker(p) ^E' K^iE' K L'), 

where, by definition: 

[g] [h,i] [5]-iH^(0i(.g),s(g)).(l,5(n(/i,*)-i,n(/i,z)), 
where • is the lifted action of A. This implies equation (|145p . 

4.1.4 Composition and inverses of lax homotopies 

We now freely use the notation of 13.3.11 and l3.3.41 as well as definition [551 

Theorem 58 Consider 2-crossed modules A ^ ( L ^ E G, >,{,}) and A' = (i' — > — > G',t>, {, } 
Given lax homotopies of 2-crossed module maps A ^ A' , say: 

f = (/i, ^, 0) /' = (a.', 0') ll^fhfj^ f" ^ (;,", </>"), 

t/ie explicit form of their concatenation, denoted by (/, s, i, n)(8)(/', s', i', 11'), is; 



(/,s0s',ti^t',nian') „ 
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where 

{s®s'){g) = s{g)s'{g), for each g e G, (146) 
{mi'){g) = s'{d{e))-^ >' t(e) t'(e), for each e<EE, (147) 

and where 

{n®n'){g,h) = Q^''^'\[gh],[g]Ah]) n'(ff,/i) n{g,h), (148) 
where G'^^'*') was defined in (jlOSp . 

Moreover, the inverse of f ~ {fi,ip,4>) ' ' \ f = (/i',-0',0') is 

/' = (^',^',^')iZW,/^(^,^,0), 

where if g,h E G and e G iJ; 

5(3) = s{gy^, 

£(e) = s(a(e))i>'t(e)-\ (149) 

n(g,/i) = e(^-^)([5/i],[5],N)"' n(g,/i)-i. 

Proof. As far as the concatenation of lax homotopics is concerned, we just need to consider the corresponding 
chain of strict homotopies, given by the previous theorem: 

J. ■ (/oproj,s,t) , . (/'oproji,s',t') „ 

/ o pro,) > f o proj > f o proj, 

and look at the construction of their concatenation in 13.3.11 noting that the underlying set of G is a free 
(chosen) basis of T<'""'^{G). 

We know that s{[g]) = s{g), s'{[g]) = s'{g) and (s ® s'){[g]) = s{[g])s' {[g]) for each g & G. Thus 
{s®s'){g) = {s(^ s'){[g]) = s{g)s'{g) for each g&G. 

Analogously if e £ then f(e) = t{e, [9(e)]), i'{e) = t'{e, [5(e)]) and {i®i'){e) = {t® t'){e, [9(e)]), and 

{t ® t')ie, [die)]) = J^'^'H&ie, [9(e)])) s'(9'(e, [a(e)]))-i >' t((e, [9(e)]) t'((e, [9(e)])) 
= u;(^'^')([9(e)])) .'([9(e)]))-i >' i((e, [9(e)]) i'((e, [9(e)])) 
= s'me)]))-' >' t((e, [9(e)]) t'((e, [9(e)])) = ;'(9(e))-i >' f(e) t'(e), 

where we used remark [371 Thus (|147p follows. 

Recall that given g,h € G then n(g, /i) = i(l, [5, /i]) and n'(.g, /i) i'(l, [g, h]). We have: 

(n®n')(g, M = (i ® t')(l, [9, h]) ^ ^(^■'^')(9'(l, [5, h])) s'(9'(l, [g, /i]))-i >' i(l, [5, /i]) t'(l, [5, h]) 

^ J^'^'\[gh]-'[g][h])) s'i[gh]-'[g][h])-'>'ti[l,[g,h])t'il,[g,h]) 
^ J^'-^'\[gh]-'[g][h])) 6(11' ig,h))>' till, [g,h]) t'ih[g,h]) 
= J^'^'\[gh]-'[g][h]))U'{g,h) nig,h) 

- e^^^^'\[gh]-\ [5], [h]) n'{g,h) U{g,h) = e(''^'\[gh]-\ [g], [h]) n'(g,/i) U{g,h), 

where we used remark [37l again, and noted 5(17) ~ s{[g]) and s'{g) ~ s'([g]), for each g E G. 
Inverses are handled in the same way. For instance if g,h E G (we use (|132p ): 

n(5, h) = i(l, [.g, h]) = (c.(^^^)(9'(l, [g, h]))-' s(9'(l, [5, h])) >' f(l, [5, /i])-i 
= w^^-^H[ghr'[g][h])''' si[ghr'[g][h])>'nig,h)-' 
= e^'^^\[gh], [g], [h])-'S{U{g, h))"' >' U{g, h)-' 

= e^^-^\[gh],[g],[h])-' U{g,h)-'=e^'~'\[gh],[g],[h])-' n{g,h)-\ 
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4.1.5 Lax 2-fold homotopy 

Wc now discuss lax 2-fold homotopy. Consider 2-crosscd modules A = (^L E ^ G,>, {,}^ and A' = 
i' —>£"—> G', >,{,}) . Given two lax liomotopies between the 2-crossed module maps /, /' : A ^ A' , say: 




a lax 2-fold homotopy 



(/,s,t,n) 



is given by a map k: G ^ L' , without any restrictions, apart from that it should relate the two lax homotopies 
as in (|150p . (|15ip and (|152p . below. This is because to k we associate the unique (strict) quadratic (/ o 
proj,s,t) 2-derivation k: J^'=""p(G') L' such that k{[g]) = k{g) for each g & G. Therefore we must have: 



s'ig) = s{g)6{k{g)), for each g £ G, 

and for each e € E: 

i'{e) = t'iie, [die)]) = t((e, [^(e)])) = t((e, [5(e)]) 

= k{d{e))-'i{e). 

Also, by using equation (llOOp in lemma [3T1 for each g,h E G: 

n'ig, h) = t'((l, [g, h])) - fc(a'((l, [g, /i])))"! t((l, [g, h])) = fc([.9/i]-i [.g][/.])-i Il{g, h) 

= {E'-f'^''^H[9h]A9]Ah])y' nig,h). 

Thus, by using equation 1)100^ : 

n'(i,i) = fs(^--^-)([i],[i],[i]))"' n(i,i) = fc([i])-i n(i,i) = fc(i)-i n(i,i). 



(150) 



(151) 



(152) 



In particular, we can prove directly (this follows however by construction) that, if (|150p . (|15ip and (|152p are 



satisfied, then if / 

If we have a c 
diagrammatically: 



> /', we must also have that / 



(/.s',t',n) 



>/', by using (HH]). 



If we have a chain of 2-fold homotopies (/,.s,i,n) (/, P, t', H') <-^''''-*'-"'-'^'\ (/, s", t'', H"), 



(/,s",t",n") 




ft(/>',i%n',fe') 
/ (i\s\t'',n') ^ /' 




(/,s,t,n) 

Then their vertical concatenation is given by the map fcofc' : G — s- L such that 

Ckok'){g) = k{g)k'{g), 
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for each g £ G. Even though this follows by construction, let us see directly that fcofc' does connect (/, s, t, 11) 
and (/, s", t", n"). At the (the only non trivial) level of the maps 11, 11" : G x G — >■ L' this follows from: 

U"{g,h) = (E^^^^'^'''\[gh],[g],[h])y' W {g,h) ^ (e^*'^' '^'\[gh],[g],[h])y' (s**-''^-) ([g/i], [5], N)) n{g,h) 
= {k{[gh]-'[g][h]) k\[gh]-^[g][h])y' U{g,h) = {{k o mgh]-'[g][h])y' n{g,h) 
= (E^^^^^^-^'^ighliglih]))'' n{g,h), 

where we used (|100p again, as well as lemma H51 

Suppose that we have a 2-fold lax homotopy say (/, s, t, 11) — ' ' ' ' — > (/, s', t', 11'), which we write as: 



(/,s,t,n) 



and that we also have a lax homotopy: 



so what we have diagrammatically is: 



(/,s',*',n') 



(/,s,t,n) 



The whiskering: 

(/, s, i, n, fc)®(/', s", f", n") = (/, s(g)s", n®n", fc^s") 

is given by the map k®s" : G ^ L' , which has the form, for each g £ G: 

ims"){g)^s"{g)-'>'kig). 

By construction we have: 

{f,s'(Ss'",i'^t",n'<^Yl") 



fr (/, s®s", iM", n(8)n", fc®s") /' 



(/,s®s"",ti8t'',n®n") 



Similarly, suppose that we have 2-crossed module maps /, f '■ A' — > A, lax homotopies (/, s, i, 11) and 
(/, s', t' , n'), connecting / and /', a 2-fold homotopy (/, s, i, 11, fc'), connecting them, and also a lax homotopy 

> /, diagrammatically: 



^„ (/",^",t" ,n") 



(/.P.t'.n') 



The whiskering: 



{f,S,iM) 



(/", s", t", n")®(/, s, t, n, fc') = (/", .s"®.s, n"(g)n, s"®fc), 
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is such that, for each g € G we have (s"(8>fc)(.g) = k{g)- By construction: 



{f",s"f8>s',t"m") 




(/",s''ig)s,t''|)t,n"®n) 



By definition (since this is simply an unpacked version of definition I55p. it follows: 

Theorem 59 Let A and A' be 2-crossed modules. There exists a 2-groupoid J£0Mlax(-4., A'), whose objects 
are the (strict) 2-crossed module maps A A! , the morphisms are the (pointed) lax homotopies between 
2-crossed module maps, and the 2-morphisms are the (pointed) lax 2-fold homotopies between lax homotopies, 
whose explicit descriptions, and various concatenations, are made explicit in \4-.1.3\ \4-1.4\ and \4.1.5\ 

4.2 Composition of lax homotopies with strict 2-crossed module maps 

Theorem 60 Let A, A' and A" be 2-crossed modules. Let f,f':A^A' he 2-crossed module maps. Let 
also h ~ {fijtp, (p) : A' — >■ A" be another 2-crossed module map. If we have a lax 2-crossed module homotopy 
(/, s,t,n) connecting f and f , then 

{h o fjip o s, ^ o t, fi on) = /i o (/, s, t, n) 

is a lax homotopy connecting g o f and .go/'. 

Proof. Equations (|139p to (|144p arc satisfied since h preserves all 2-crossed module operations, strictly. ■ 
Analogously: 

Theorem 61 Let A, A' and A" be 2-crossed modules. Let f,f': A ^ A! he 2-crossed module maps. Let 
also h' = (/i', 'ip', 4>') '■ A" A he a 2-crossed module morphism. If we have a lax 2-crossed module homotopy 
(/, s,i,n) connecting f and f . Then 

(/o/i',so0',fo^',no(0' X (j)')) = if,s,i,n)oh' 

is a lax homotopy connecting f o h' and f o h" . 

The operators defined in theorems 1601 and I6f I will be called composition operators. 

Theorem 62 The composition operators preserve concatenations and inverses of lax homotopies. 

Proof. Immediate from the explicit form of the concatenations and inverses of lax homotopies, and the fact 
that wc only compose homotopies with strict 2-crossed module morphisms. ■ 

We thus have a scsquicatcgory [44], whose objects arc the 2-crossed modules, the morphisms are the 
2-crosscd module maps, and the 2-morphisms are the lax homotopies between then. It is important to note 
that this is not a 2-category, since the interchange law does not hold in general. 

The composition operators are also defined, in the obvious way, and with the obvious properties, for lax 
2-fold homotopies and strict 2-crossed module maps. Given that for any two 2-crossed modules A and A' we 
have a 2-groupoid 'KOMi.AxiA, A'), we expect that this will give a Gray category [HI [27l [28] of 2-crossed 
modules, (strict) 2-crosscd module maps, lax homotopies and lax 2-fold homotopies. 

4.3 Lax homotopy equivalence of 2-crossed modules 

In this subsection wc make use of subsection 14.21 Let A and A' be 2-crosscd modules. 

Definition 63 We say that f : A ^ A' is a lax homotopy equivalence if there exists a 2-crossed module map 
g: A' ^ A, and lax homotopies: 

. {idA.s.iM) (id^/,u. {),,/) 

id^ > g ° f and icla' > f ° 9- 

In such a case g is said to he a homotopy inverse of f . 
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Lemma 64 The composition of lax homotopy equivalences is a lax homotopy equivalence. 

Proof. This result is almost immediate from the fact that we can concatenate lax homotopies between strict 
2-crossed module maps. Let us give details. Let A, A' and A" be 2-crossed modules. Suppose that / : A^ A' 
and /' : A' ^ A" are lax homotopy equivalences. Let us see that /'o/ is a lax homotopy equivalence. Choose 
inverses up to homotopy g and g' of / and g', respectively. We thus have lax homotopies 

. (id^,s,t,n) . (id ./ ,il,fi,,7) . (id ./ ,s',t',n') / „, ., (id .// ,u',*', J') , , 

id^ ^ffo/, id^' — ^ >I°9, id^ >9°f, id^ >I°9- 

We prove that g o g' is a lax homotopy inverse of /' o /. This follows by considering the concatenations 
below of lax homotopies: 

. (id^.s,£.n) -J <• 9o(id^'-s',t'-n')o/ , , 

id^ > go f = go idA' o f > gog of of, 

idA" > f °g ^ f ° idyl' o g > f ° f °g°g ■ 

■ 

Proposition 65 The class of lax homotopy equivalences of 2-crossed modules has the two-of-three property 

m- 

Proof. The complete proof is analogous to the proof of the particular case above. ■ 

By using the composition operators, we can easily see that a retract of a lax homotopy equivalence is again 
a lax homotopy equivalence. 
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